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1. Introduction

In [5], Levin gave the term semi-open for the set
A, in the topological space (X, 1) and studied its
topological properties; it is a term given to the set
if A fulfills the condition A < cl(int(A)). Since
then, it has been widely explored in several literary
works [4, 6, and 10]. Njastad [9] introduced a set
called a«a-open; if ACSCX and AC
int(cl(int(A))), since then, this notion has been
studied by many authors see [3, 5 and 8]. The
concept of the £-open of the set A was introduced
by [1]; if A € X and if for every G # 9,X, and
G € t such that A < int(AUG). Abdullah and etc.
[2], introduced and defined the /4a-open set and
studied their properties.

2. Semi-f-Open Sets

Definition (2.1): For the set A € X in (X, 1) Is
semi-#A-open, if there exists H set which is £-
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In this study, we generalized two known open sets, called: semi-open and £-open sets to
find a new type called semi-£-open set. In topological space, we have presented the
relationship of several famous open sets to this set. We have also studied the semi-#-open

open such that H € A < cl(H).

Example (2.2): Let X = {1,2,3}, and

7= {0,X,{2},{1,2}} Then

™ = (@, X,{1},{2},{1,2},{1, 3}} represent A-open
sets

% = {0, X,{1},{2},{1,2},{1,3},{2,3}} represent
semi-#-0pen sets.

In this example, the # # 7% but t** isn’t equal to
the power set of X. Clearly that t*# of this example
isn’t T.S. because {1,3}N{2,3} = {3} isn’t semi-~-
open set.

Proposition (2.3): A subset A in (X, 1) is semi-#-
open if and only if A S cl(inty(A)).

Proof: Let A S cl(inty(A)). Then take H =
inty,(A). We have H < A < cl(H). Conversely,
let the set A be an semi-#-open, then there exists
H which is #-open, where H S A C cl(H) we
have H Cinty(A) therefore cl(H) <
cl(inty(A)), s0 A S cl(inty(A)).
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Proposition (2.4): Every open set is semi-#£-open.
Proof: Let G be an open subset of (X, 1), by [1,
Theorem 2.1], G is an /A-open set. So GCS G <
cl(9).

Reverse of the aforementioned proposition is false
as given in Example (2.2), {1}, {1,3} and {2,3} are
semi-#£-open sets. But it is not open sets.

Proposition (2.5): for all 4-open set in any T.S. is
semi-#-open.

Proof: Let H an £-open subset of (X, 1), since
H S H S cl(H). SoH is semi-£f-open.

Reverse of the aforementioned proposition is
incorrect as given in Example (2.2), {2,3} is semi-
#-open but not 4-open.

Theorem (2.6): The union of any family of semi-
#-open sets is semi-#A-open.

Proof: Let's consider a collection {A;};¢; of semi-
#-open sets, where each A; is semi-#£-open. For
each A;, there is an £-open set H; so that means
H; € A; € cl(H;). Now, consider the family of
#-open sets {H;}ie;. Let H = iLEJI H;. H is A-open.

Since = .UI A;, for any point z € U, there exists
4SS

Jj € I such that z € A;. Since A; is semi-#£-open,
we have A; € cl(H;), where H; is #-open.
Therefore, z € cl(H;), and consequently, U <
.UICZ(}Q) = cl(#H). We have shown that U =
4SS

,UI A; is semi-A-0pen, as there is an A-open set H
4SS

with H € U € cl(H).

Remark (2.7): The intersection of semi-£-open
sets need not be semi-#A-open as shown in
Example (2.2) {1,3}N{2,3} = {3} and {3} is not
semi-#-open set.

Proposition (2.8): Every semi-open sets are semi-
#-open.

Proof: Let § be a semi-open subset in (X, 1), then
there exist G € 7, such that G € § < cl(G). Since G
is also /-open set by [1. Theorem 2.1] we get that
S is a semi-#-open set.

Reverse of the aforementioned proposition is
incorrect, as in example 2.9.

Example (2.9): Let X = {1,2,3,4}, and
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T ={0, X, {4},{3,4}}

° ={0,X,{3,4},{1,4},{2,3,4},
{1,2,4},{2,4},{1,3,4},{4}}

™ = {9, X,{3,4},{1,2,3}, (3}, {4}}

% = {0, X,{3,4},{1,4},{2,3,4},

{1,2,4},{3},{2,4},{1,2,3},{1,3},

{1,34}, {43}

We see that the semi-#£-open sets {3},{1,2,3},{1,2}

are not semi-open.

Theorem (2.10): Let A be a semi-#-open set in
(X, 7) if there exists B € X, with A S B € cl(A)
we get B is semi-#£-open.

Proof: Let A S B be a subset in (X,7), A Iis
semi-#-open set, then there exists H < X, H is A-
open set with H € A S cl(H), now by H S A <
B s0 H S B, also A S cl(H) implies cl(A) <
cl(cl(#)) = cl(3) since BCScl(A) so BE
cl(H), then H € B C cl(H), so B is semi-f-
open.

Example (2.11): Let X = {1,2,3,4},

T ={0,X,{2},{2,3,4},{2,3},{1,2,4}, {3}, {24}

¢ = {{1,4},{1,2,4}, {3}, {1}, 0,{1,3}, {1,3,4}}

™ = {{2},{2,3,4},{2,3},{1,2,4}, (3}, (2,4}, X, 8}
" = {{2},{2,3,4},{2,3},{1,2,4},{1,2},

{3},{2,4}, 0, X,{1,2,3}}

We see that {2} is semi-£-open set cl({2}) =
{1,2,4} and {2} € {2,4} c cl({2}), {2} c{1,2}
cl({2}). So {2,4},{1,2} is semi-#-open.

Proposition (2.12): Every a-open set in (X, 1) is
semi-#-open.

Proof: Let G be an a-open subset in (X,7),50 G S
int (cl(int())) € cl(int(§)) so int(G) S G <
cl(int(G)) since int(G) is 4A-open set by
Proposition (2.4), so G is semi-#-open.

Reverse of the aforementioned theorem is false, as
given in the next example

Example (2.13): Let = {3,2,1} , 7 = {0, X, {3}}

@ ={0,X,{3},{2,3},{1,3}},

™ ={0,X,{3},{1,2}}

T = {9, X,{2,3},{1,2}, {3}, {1,3}}

We see that {1,2} semi-#-open set but not a-open,
also {1,2} is A-open set but not a-open.
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Fig. 1. The relationship of the semi-#A-open set with some
other types of open sets.

The following example show that the converse of
all directions isn’t true except between a-open and
semi-open set.

Example (2.14): Let X = {4,2,1, 3} and

T ={0,X,{4},{1,2,4},{1,4},{2,4},{1,3,4}}

T4 = 1% = {0, X,{3,4},{2,4},{2,3,4}, {1,2,4},
{2,4},{1,3,4}, {43}

™ = {9, X,{2,4},{1,4},{1,2,4}, {1,2},{3},
{1},{1,2,3}, {1,3},{1,3,4}, {4}}

= {0, X,{3,4},{1,4},{2,3,4}, {1,2,4},
{1,2},{3},{2,4}, {1}, {1,2,3},{1,3}, {1,3,4}, {4}}

3. Applications of Semi-fA-Open Sets

Definition (3.1): For A € X in (X, 7). A semi-#-
limit point x € X of A is defined by: for every
semi-fi-open G 3 x; (GNA)\{x} # @. The semi-
h-derived set of A is the set containing all of 's
semi-h-limit points. (D, (A)).

Theorem (3.2): Let (X,7;) and (X,t,) be T.S.
such that 7#* € 74%. A € X and x € Dy, (A),
then x € D,y (A).

Proof: Let x € D,p,(A). Then (GNA)\{x} # @
for all G € 5" such that x € G. But t#* < 3%, so,
in particular, (GNA)\{x} #0, VGe " st. x €
G. Hence, x € Dy, (A).

Reverse of the aforementioned theorem is false, as
in example 3.3.

Example (3.3): Let X = {3,2,1} with
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T, = {{1’ 2}' Q)' {3}' ‘x}

7, = {X,0,{3}}. Then

% = {0, {3},{1,2}, X} and

3% = {0,{3},{1,2},{1,3},{2,3}, X}. Hence " c
. If A={12}, 1€Dp (A) and 1¢
D5h2 (dq)

Theorem (3.4): LetF € B be subsets of (X,1)
then

(I) Déh(F) c Déﬁ(B)'

(i) Dyu(F) € D(F)

(i) Dp(F) S Ds(F)

(iV) Dp(F) S Da(F)

(V) Dyp(FUB) = Dsp(F)UD 4 (B).

Proof: The proof is easy for (i)-(iv).

(v) Since
Fc FUB) . Dyp(F) € Dy (FUB)
B FUB} imply o) (B) c .‘DM(FU.‘B)} Hence,

Das(F)UD44(B) € Doy (FUB) ... (1)

Now, Let x € D, (FUB). This means that for
every semi-#-open set G containing x, GN(FUB)\
{x} # @. This leads to that (GNF)U(GNB)\{x} #
@.
Now, consider two cases:

a. If (GNF)\{x} # 0, then x € D, (F).

b. If (GNB)\{x} # 0, then x € D, (B).

In either case, x belongs to D4 (F) or D,4(B), SO

X € Dyp(F)UD,4(B). Hence

Dep(FUB) € D,y (F)UD,p (B)...(2). From (1) and
(2), we have D,,(FUB) = D,,(F)UD,,(B)

Definition (3.5): Let W < X in (X, ). We say that
W is semi-#A-closed if Dy (W) € W.

Example (3.6): Let X = {1,2,3} and

T ={0,X,{2},{2,3},{3},{1,3}}. Then

T‘sh = {Q), {3}; {2,3}, X, {1'3}' {2}}

If £€=1{1,3} c X, then D,,(E) = {1} < €. Hence,
€ is semi-#A-closed sets.

Corollary (3.7): A subset € c (X, 1) is semi-#-
closed if and only if £¢ is semi-#A-open.

Proof: Suppose that € is semi-£A-closed. Let x €
E¢thatis x ¢ &, but € is semi-#A-closed, then there
exists semi-fi-open G,; x € G, < ¢, implies that
for all x € £ there exists semi-fAi-open G,;x €
G, C E°. Hence &° eLé {G, : x € Gy} semi-f-

X c

open. Hence &€ is semi-#£-open
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Conversely, Assume that £¢ is semi-#-open. We
need to explain that &€ is semi-#-closed

for x € Dyp(E) with x € €, SO x € Dy (E), x €
E°. But £° is semi-A-open and ENES = @. This
implies that for some semi-fA-openG = &€ 3
x; (ENEC) —{x} =0. Hence x¢&D,,(E), a
contradiction. So for every x € D,,(€),x € €

This imply that D,,(€) c Eby Def.(3.5) € is
semi-#-closed.

Definition (3.8): Let £ € X in (X, 1), we define
the semi-#A-closure of &£, denoted by cl,,(E) as:
clyp(E) = N{F:Fis semi-A-closed and € < F}.

Remark (3.9):

(1) Since & c F, for everysemi-#f-closed F
containing €. Thus, cl,,(E) is the smallest
closed set containing £.

(2) If € isitself closed, then cl 4 (E) = E.

Theorem (3.10): Let W < X in (X,7). Then
el (W) = WUD4(E)

Proof: We have W c cl,,(W) and D, (W) c
clgp (W) implies that UD,, (W) < clgp (W) (1)
Now, Let x € cl,,(W). There are two cases: If x €
W, so xe€cly,(W), since W Ccl,,(W).
Otherwise if x not in &, then x is a limit point of W
(because cl,, (W) includes all limit points of ).
Hence, x € D, (W), and x € WUD,,(W). This
proves clys (W) €S WUDgu(W)...(2). From (1)
and (2) we get cl, 4 (W) = WUD,,(W).

Proposition (3.11): Let A < B be sets in (X, 1),
then

(i) A cclgy(A).

(i) clsp(A) € clop(B).

(iii) clgp (AUB) = clyp(A)Uclyp(B).

(iv) clyp(A) S cl(A)

(V) clga(A) S cls(A)

(Vi) clyp(A) S clp(A)

(vii)clgp(A) € cly(A)

Proof: (i)-(ii) The proofs are easy.

(iv) Let A be a semi-A-open set and let x €
clyp(A). By the definition of semi-#A-closure, x is
in every semi-#-closed set containing 4. Now, let
consider the closure set cl(A). By definition of
cl(A) and since every semi-#-closed set is also
closed, it follow that cl,,(A) is a closed set
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containing A, so x is also in cl(A). Thus, we have
shown that cl, (A) S cl(A), as desired.

(v)-(vii) By similar to the above way.

The converse of (iv)-(vii) in the Reverse of the
aforementioned proposition is not valid as in next
example

Example (3.12): Let X = {1, 2,3} and
T ={0,X,{2},{1,2}}

¢ =1 ={0,X,{2},{2,3},{1,2})

™ ={0,X,{1,2},{2}, {1}, {1,3}}

*h = {9,X,{1,3},{1,2},{2,3}, {2}, {1}}

Let A = {2,3}, then cl(A) = cl;(A) = cly(A) =

X and cl4(A) ={2,3}. Clearly cl(A) =
cly(A) =cly(A) L cly(A). Also let B=
{1}, then cl,(B) ={1,3} and cl,(B) = {1}.

Clearly cly(B) € clyp(B).

Definition (3.13): Let £ € X in (X, 1), we define
the semi-#-interior of a set £, denoted by int,,; ()
as int,,(€) = U{G: G is semi-A-openand G < £}.

Proposition (3.14): Let A S X in (X, T), then

(i) int,,(A) is the largest semi-#A-open set in A
(i) int,,(A) A

(iii) int(A) S intzp(A)

(iv) ints(A) S intgy(A)

(V) inty(A) S intgp(A)

(vi) int,(A) S int,,(A)

Proof: By definition (3.13) we get the proofs of (i)
and (ii).

(ili) Let A be a semi-A-open set and let x €
int(A), meaning there exists an open set U such
that x € U < A. Now, consider the semi-#-interior
set int,y (A), which is the union of for all semi-#-
open sets in A. Since U is an open set containing x,
it is also an semi-#-open set. Therefore, U is one
of the semi-/-open sets contained in A, and x €
int,,(A). Since x was an arbitrary point in
int(A). Thus, we have proved that int(A) S
int‘sh(o‘l).

(iv)-(vi) By similar to the above way.

Reverse of the Proposition (3.14) (ii)-(vi) need not
be valid as in Example 3.12, Let A = {2,3}, then
int(A) = inty(A) = {2} and int,,(A) = {2,3}.
Clearly, int,,(A) € int(A) = inty(A). Also let
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B = {1,3}, then
int,,(B) = {1,3}.
int,(B) = int,(B).

Theorem (3.15): Let A € B be sets in (X,1).
Then

() intgp(A) © intyp(B)

(if) intyp(intgp(A)) = intyp(A)
Proof: The proofs are easy.

int,(B) =int,(B)=0¢ and
Clearly, intgp(A) €

4. Semi-fAi-Continuous Functions and Semi-#-
Homeomorphism

Definition (4.1): For S:(X,7) = (Y,0) is a
function, if S7(G) € t*" for every G € o, then S
is called a semi-#£-continuous function.

Example (4.2): Let X = {3,2,1} = Y, and
T={0,X {1} {3} {1,2},{1,3}},

% = {0, X,{1},{3},{1,2},{1,3}} and

o =1{0,Y,{1,3}}. Clearly, if $: (X, 1) = (Y,0) is
the identity function, then § is a semi-#£-
continuous.

Theorem (4.3): Any continuous function is semi-
#-continuous.

Proof. Let a continuous function be §:(X,7) =
(Y,0) and G € g. Since, S is continuous, then
S$71(G) € 1. By Proposition (2.4) every open set is
semi-#-open, therefore § ~1(G) is semi-#A-open
setin X. So, § is semi-#£-continuous.

Reverse of the aforementioned theorem is not valid
as seen in example 4.4.

Example (4.4): Let X = {¢, 4, a} and

Y ={123} v ={{6} X, 0}

vt = {{a,c}, (6}, {6,¢}, X},

o ={9,{1}Y,{1.2}}

The function §: (X, 1) — (Y, 0) define as S(a) =
2,8(&)=1,8() =3. § is semi-A-continuous,
but § isn’t continuous.

Theorem (4.5): Every #£-continuous function is
semi-#-continuous.

Proof. The proof is easy.

Reverse of the aforementioned theorem is not valid
as seen in example 4.6.

Example (4.6): Let X = {¢, &, a} and
Y={123}, 7 ={X,0,{6}},
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t = ({6},{a,c},0,X} and

% = {{a,c},{a, 6},{6},X,0,{6,c}},
o=1{0,Y,{1},{1,2}}. We define a function
$:(X,1) > (Y,0)as S(a)=2,5(6)=1,5() =
3. § is semi-A-continuous, but Sisn’t A-
continuous.

Theorem (4.7): Every semi-continuous function is
semi-#£-continuous.

Proof. The proof is easy.

Reverse of the aforementioned theorem need not be
valid as given in example 4.8.

Example (4.8): Let X = {c, &, a} and
Y={123}t={{ac}X 0},

v ={{a,c},X,0}and

% = {{a, 6}, 0, X,{6},{6,c},{a},{c}.{a,c}},
o={0,Y,{1},{1,2}}. We define a function
S$:(X,1)=>(Y,0)asS(a)=1,5(6)=2,5() =
3. § is semi-A-continuous, but §isn’t semi-
continuous.

Theorem (4.9): Every a-continuous function is
semi-#A-continuous.

Proof. The proof is easy.

Reverse of the aforementioned theorem not valid as
in example 4.10.

Example (4.10): Let X = {c, 4, a} and
Y={1,23},1={X,{6,c},0},

¢ ={0,X,{6,c}} and

%% = {{6},{a}, 0,{a,c},{c},{a, &}

, X, {6, c}},

o={0,Y,{1},{1,2}}. We define a function
$:(X,1) = (Y,0) as S(a) =1,5(#) =2,s5(c) =
3. § is semi-A-continuous, but Sisn’t a-
continuous.

Theorem (4.11): If g: (X, 1) = (Y, 0) is semi-A-
continuous and S:(Y,o0) — (Z,9) is continuous,
then S o g: (X, 1) — (Z,9) is semi-£A-continuous.
Proof: For g:(X,7)—- (Y,0) Iis semi-f-
continuous and f:(Y,o0) = (Z,9) be continuous.
Let G € 9. Since, S is continuous, then $71(G) € o.
Since, g IS semi-#-continuous, o)
g (STHG) = (S0 g)"1(G) is semi-A-open set
in X. We get, Sog:(X,1) = (Z,9) is semi-f-
continuous.
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Definition (4.12): Let S§:(X,1) = (Y,0) be
mapping if S(G) € o** for every G € 7, then S is
called semi-#-open function.

Example (4.13): Let S:(X,7) = (Y,0) be an
identity function, where X =Y = {1, 2,3}, and
T={0,X,{2,3}},0 ={0,Y,{1}},

o = {0,Y,{1},{1,2},{1,3},{2,3}}. Clearly, the
function § is semi-#-open.

Theorem (4.14): Any open function is also semi-
#-open.
Proof. The proof is clear.

Example (4.15): In Example (4.13), the identity
function S: (X, 1) = (Y,0) is semi-£A-open but
not open.

Theorem (4.16): Every £-open function is semi-
#-open.

Proof. The proof is easy.

Reverse of the aforementioned theorem is not
valid, as seen in the example 4.17.

Example (4.17): Let S:(X,7) = (Y,0) be the
identity function, where X ={3,2,1} =Y, and
t={0,X,{1,3}}, 0 ={0,Y,{1}},

ot = (8,Y,{1},{1,2}, {13}, {2,3}},

o = {9,Y,{1},{2,3}}.

Clearly, § is semi-#-open but not /-open.

Theorem (4.18): Every semi-open function is also
semi-#-open.

Proof. The proof is easy.

Reverse of the aforementioned theorem need not be
valid as in example 4.109.

Example (4.19): Let S:(X,t) = (Y,0) be the
identity function, where X’ =Y = {1, 2,3}, and
={0,X,{2,3}},0 = {0,Y,{1}},

o*h = {9,Y,{1},{1,2},{1,3},{2,3}},

o* = {9,Y,{1},{1,2}, {1L3}}.

Clearly, the function S is semi-#-open but not
semi-open.

Theorem (4.20): Every a-open function is semi-
#-open.

Proof. The proof is easy.

Reverse of the aforementioned theorem is incorrect
as in example 4.21.
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Example (4.21): Let S:(X,7) = (Y,0) be an
identity function, where X' = {3,2,1} = U,
T={0,X,{2,3}},0 ={0,Y,{1}},

a** = {9,Y,{1},{1,2},{1,3},{2,3}} and

o% = {0,Y,{1},{1,2},{1,3}}. Clearly, the function
S is semi-#A-open however, it is not. a-open.

Theorem (4.22): If S: (X,7) = (Y, o) is open and

9:(Y,0) = (Z,9) is semi-fA-open, then go
S: (X, 1) = (Z,9) is semi-A-open.

Proof. Clear

Definition  (4.23): Let bijective function

§:(X,t) = (Y,0) A function S is considered a
semi-h-homeomorphism when it is both semi-h-
continuous and semi-h-open.

Theorem (4.24):
homeomorphism,
homeomorphism.
Proof: By Theorem (4.3), we get that every
continuous  mapping IS  semi-h-continuous.
Furthermore, it can be deduced from Theorem
(4.14) that every open mapping is also semi-h-open.
Also, § is bijective then, § is semi-A-
homeomorphism.

The converse of the above theorem is incorrect as in
example (4.25).

Example (4.25): Let S§:(X,1) = (Y,0) be the
identity function, with X = {1,2,3} =Y, for
©={xX,0,{1,3}}, " = (8, X, {1},{2}, {3}, {1.2},
{1,3},{2,3}}, 0 = {0,Y,{2,3}} and

o** = {@,Y,{13,(2},{3},{1,2},{1,3},{2,3}.

Clearly, S is semi-#£-homeomorphism, but it isn’t
homeomorphism.

For
we

S:(X, 1) > (Y,0) is
get § is semi-A-
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