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Abstract—Mathieu proved that any prime algebra which is also C*- algebra is an
ultraprime. BreSar shows that C*- algebra is an ultrasemiprime. This paper is give condtions
to ultrasempirime algebras to get ultraprime. Mathieu defined ultraprime algebras by using

four equivalent conditions. In his definition of ultraprime algebra, he used the ultrapower
of algebra. In contrast, in other identical conditions, he once used sequences; in another
occasion, he used a particular linear operator. Our proof adds a new condition by using the
prime algebra to the ultrasemiprime algebra to get an equivalent condition to ultraprime

algebras.
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INTRODUCTION

In this paper, every algebra is an associative algebra.
Ultraprime algebra was defined by Mathieu [1] when he
discovered the norm for the algebra of quotients. For
normed algebra, A is called ultraprime if it exists ¢ > 0
such that cllallllbll < ||Mgy||  for all a,b € A, where
M, ,: A — A is linear operator defined by M, ;,(x) = axb
for x e A. If b =a for alla € A, then the definition of
ultraprime algebra A has been generalized to the
ultrasemiprime algebra, which is also mentioned in [1]. For
more studies about ultraprime algebra, see [2] [3] [4]- Any
ultraprime algebra is also an ultrasemiprime algebra, but
The opposite is invalid.

Mohammed, in [5], proved that R™ and C*, n € N are
ultrasemiprime, but R™ and C™ are not ultraprime algebras
which Al-Neima in [6], later generalized this to the direct
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product of any two ultrasemiprime algebras. In [7], we note
in Lemma 3.1 that there are four equivalent conditions, one
of which is used to define the ultraprime algebra. In this
paper, we will add another requirement to obtain the
ultraprime algebra using ultrasemiprime algebra.

1. ULTRASEMIPRIME ALGEBRAS

Mathieu provides an analytical adjective for quotient
algebra in [1] when he studied ultraprime algebra. Also, an
ultrasemiprime algebra is defined in [1].

The normed algebra A is called an ultrasemiprime when
exists ¢ > 0 such that c|lal|? < ||M,,|| forall a € A. For
more studies about the ultrasemiprime, see [5] [6] [8]. Every
associative ultraprime algebra is ultrasemiprime, but the
converse is invalid since every associative finite dimensional
algebra is ultrasemiprime, as Mohammed proved in [5]. The
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following Theorem is needed in our main result, which has
been proved in [6].

Theorem 2.1

For the normed algebra A. The requirements listed
below are equivalent.

1. Any sequence (a,) in Awith |la,l|l =1,for
all m € N, there exists bounded sequence (b,,), in
A, such that the sequence (a,, b, a,,), does not tend
to zero.

2. Thereisc > 0, satisfies cllall? < ||M|| for all a
in A.
The four equivalent conditions for ultraprime algebra
were proved by Mathieu in [7].

Lemma 2.2

Let A be normed algebra and u the free ultrafilter on N.
Then, the requirements listed below are equivalent.

1. For any pair (x;), (zx), k € N of sequence in A
such that ||x || = |lz,l| = 1, for all k € N, there is
bounded sequence, (vy), k €N such
that (x, v 2x), k € N does not tend to zero.

2. There is ¢ > 0 such that cllall[|b| < ||Mq,| for
alla, b € A.

3. For any ultrapower A4, of A is prime
4. There exists an ultrapower A, of A, which is prime.

Mathieu used the fourth condition of Lemma 2.2 to
define ultraprime algebras. Still, later, the second condition
became the most famous condition used in defining
associative ultraprime algebras, while the fourth condition
remained used when the ultraprime algebras were non-
associative see [9].

Mathieu proved that the C*- algebra is prime if and only
if it is ultraprime algebra see [1; proposition 3.1(a)]. In [8],
Bresar proved that C*- algebra is ultrasemiprime algebra.
The proving of Bresar and Mathieu mentioned above allows
us to generalize proposition 3.1(a) in [1], using
ultrasemiprime algebra instead of C*- algebra. Our new
generalize the new equivalent condition to get an ultraprime
algebra where the other conditions are mentioned in Lemma
2.2.

The condition *, which we use it in the Theorem 2.3 for
every sequence (x,yiXx), k € N does not tend to zero and
is convergent. For any pair (x;), (i), k € N of sequence in
A such that ||x;|l = 1, for allk € N, and the bounded
sequence, (yi),

Theorem 2.3

Let A be normed algebra with condition *. Then A is
ultraprime algebra if and only if A is ultrasemiprime and
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prime algebra.
Proof:

Let A be an ultraprime normed algebra; it is clear that A
is ultrasemiprime and prime algebra.

Conversely, let A be an ultrasemiprime and prime
algebra, and (ay), (by), be sequences in A such that ||a,|| =
[lbell = 1 forall k € N.

Since (ay) is a sequence in A4, |laill =1, and A is
ultrasemiprime by using Theorem 2.1, there is a sequence
(xx), k € N in A which is bounded with bound ¢, such that
(agx,a;) does not converge to zero. Let it converge to x #
0 by condition *.

Since (by) is a sequence in A, ||bxll =1, and A is
ultrasemiprime by using Theorem 2.1, there is a sequence
(¥k), k € N'in A which is a bounded with bound c,, such that
(b yyby) does not converge to zero. Similar to sequence
(ayx,a;). Letit convergetoy # 0.

Assume that A is not ultraprime algebra. From Lemma
2.2(1), get that for every bounded sequence (z), in 4; the
sequence (ayz,by) tends to zero. We define (z,) by z, =
X a,zb,y,, Wherez € A, (z,) is a bounded sequence,
because

ziell = lxxarzbiyill
< I llla Mz b My Nl
< ey llzl
Now (ayz, by) is converge sequence to zero forany z €

A, so that for any e > 0, there exist k, € N such that
||akzkbk - 0“ < e for k> ko

||Makxkakvkakak - O” :”Makaak.kakbk”

= sup{llaxxxaizbiyibill, Izl = 1}
ZEA

= sup{llaxz; byl llz|l = 1}
ZEA

<supfe, |zl =1} =€
ZEA

forall k > k,

We get that || Mg, x,apb.yini ]l = 0. When k — o we
Ve (a0 M, ]| = 0 from the
uniqueness of the convergent point. So M, ,, = 0, that means
forany w € 4, 0 = M, ,,(w) = xwy, so xAy = 0. Since A
is prime, then either x = 0 or y = 0. Therefore, either
(apxya,) converges to zero or (b, y, b)) tends to zero; it is
a contradiction, then must (a,z,b;) +» 0, by using Lemma
2.1(1), A is ultraprime normed algebra.m

The unitization of a normed algebra defined in [10] for
algebra A over F, represented by A + I, the normed algebra
containing the set A X F with standard addition, scalar
multiplication defined in A X F. The product in AXTF
defined as (x,a) - (y,B) = (xy + Bx + ay,aff) and have
the norm defined by ||(x, )|l = |lx|| + |a]. SO AXF is
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normed algebra with identity element (0,1) where x,y €
Aa,B,1€F.

Mathieu proved in [7] that if the ultraprime algebra A
is without identity, then the unitization of A is ultraprime
algebra. We demonstrate in the following proposition the
same result for ultrasemiprime algebra.

Proposition 3.1

Let A be any ultrasemiprime algebra without identity
with condition *. Then the unitization of A is
ultrasemiprime.

Proof:

Let A be ultrasemiprime normed algebras, then A x F
is normed algebra with identity. take (x,, a,),n € N is a
sequence in normed algebra A x F with ||(x,,, @) || = 1 for
T‘" 7|l €N, ”(xn' an)” = ”xn” + |an| =1, s0 ”xn” =1-
ayl.

If the sequence (a,) is convergent to zero, then we
have lim ||(xy,, a) |l = lim ||, |
n—oo n—oo
Now, the sequence (z,) = ﬁ("n) is a sequence in
—14n

A with ||z,]| = 1. By using Theorem 2.1 and A is
ultrasemiprime algebra, there is a bounded sequence (y,,),
n € N in A with ||y, || < k, a result of which the sequence
(znynz,),n € N does not tend to zero.

There is a sequence (y,, 0) in A X IF, (33, 0) is bounded
because

|V, Ol = llvnll < k. We get the following
(xn' an) (:Vn' 0) (xn' an) =

= (XpYn + 0xp + @Y, 0)(xp, @)

= (xnyn + anyn)xn + an(xnyn + anyn) + 0xy, 0)

= (XnYnXn + AnYnXn + QX Yp + anzynt 0)

= (nYnXn, 0) + (@nYnXn, 0) + (@nXyYn, 0)

+ (an”Yn, 0)

The sequence (a,V,x,) iS convergent to zero as n — o;
there exist k, € N such

€
|y, | <E' foralln > k,
lanynxn — Oll = [lanynxnll
< lanlllynllllxnl
Since lim ||x,|| = lim 1 — |a,| = 1.
n—-oo n—-oo
< lanlk
<Sk=
L k=e

}li_r)r!}o(xn, ) (O, 0) (X, @) = 1111_2}0 (XnYnXn, 0)

The sequence (x,V,x,) does not converge to zero
because (z,y,z,),n € N, does not tend to zero.

Suppose the sequence (a,,) does not converge to zero.
Since ||x, || + |la,| = 1, we getthat |a,| < 1; let it converge

to a. And let (x,,) convergent to x #+ 0. Now, the sequence
(zp) = ﬁ(xn) is a sequence in A with [|z,]| = 1. Since
A is ultrasemiprime algebra by using Theorem 2.1, there is
a sequence (y,,), n € N in A which is bounded with ||y, || <
k, aresult of which the sequence (z,,v,z,),n € N does not

tend to zero and it converges to c.

There is a sequence. (z,y,,0) in AXTF, (y,0) is
bounded because

1 Znyn Ol = lznynll = llzallllynll < k. We get the
following

(Xn, @) (2 YnZn, 0) (X, )

= (XnZpYnZn + 0xp + AnZpYnZn, 0)(Xy, @)

= (XnZnYnZn + AnZpYnZn)Xn

+ & (XnZpYnZn + AnZpYnzn) + 0xy, 0)
= (XnZnYnZnXn + AnZpYnZnXn + AnXnZnYnZn

+ anzznynzn' 0)

= ((xnznynznxn: 0) + (anznynznxn: O)
+ (anxnznynzn' 0) + (anzznynzn' 0)
The above sequence has parts. The first sequence part is the
sequence (X, z,YnZnXn, 0) where we see the sequence
(XnZnYnznxy) is not tended, to zero because it is the
multiplication of three sequences, so it is convergent to xcx.
Similarly for

(aTLZleTLZTleL' O)' (anxnznynzn' 0)' (anzznynzn' 0)

We get that the sequence (x,,, @) (ZnVn, 0) (X, @) 1S
does not converge to zero. Therefore, A is ultrasemiprime
algebra.m

Conclusion

Ultrasemiprime algebra is not necessarily ultraprime algebra.
When the ultrasemiprime algebra is prime, it will be
ultraprime. The unitization of A is ultrasemiprime and it is
also ultrasemiprime.
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