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1. Inroduction:
The stochastic differential equations are increasingly used in
many scientific and industrial fields which demonstrate the
importance of stochastic modeling, since they can be used
to any address problem caused by noise, accidents, etc. [1]
Sunday Fadugba and Ado Ekiti (2013) [2], study and
explain the convergence of the Euler-Maruyama method
and Milstein scheme for the solution of stochastic
differential equations, Elborala M.M.
(2019) [3] extends some results about the existences
of solution for a functional nonlocal SDEs under suitable
conditions, Xu, J., etal (2012) [4] explain and study
Uniqueness and explosion time of solutions of stochastic
differential equations driven by fractional Brownian
motion, D. Kim and D. Stanescu, (2008) [5] used the
Runge-Kutta methods for Low-storage stochastic
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differential equations.

In this paper, we study the linearization to the non-linear
SDEs in order to find the analytic solution to the obtained
linear stochastic differential equations, there are several
examples with numerical solution are used to validate the
results.

Let X(t) satisfied the following stochastic differential
equation

dx(@®) = f(t,X(@®)dt + g(t, X(©))dW (t) (1)
Where W(t) denote wiener process , f(t X(¢)) and
g(t,X(t)) are deterministic non-linear functions and
dW (t) represent the differential form of W (t), equation(1)
is called nonlinear stochastic differential equation other
wise it is called linear.

let the real-valued function F (t, x(t)) has continuous
partial derivatives
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aF 9F d°F .
on L€ [0, T] and X € R, then F (t, x(t)) satisfies the

following equation:
__[oF aF | 1 o 3*F
dF(t,x(t) = |3+ f 5+ 9% 55| (£ X(®)dt +
oF
= 9| (£x®)dw(e) - Q)
Equation (2) is called (Ito-formula). [ 6]
2: Preliminaries and Results:

We introduce some fundamental and necessary concept
steps for the transformation of non-linear SDEs to reduce to
linear and then find the analytic solution.

Definition2.1. (Wiener Process) [1][7]

The continuous-time stochastic process {W, :t = 0} is
called wiener process (Brownian motion) over the interval
[0, 7] which satisfies the following conditions:

1L.wW(@0)=0

2. If t,s = 0,then W(t) — W (s) is normally distributed
with zero mean and variance |t — s|.

3. For0<s<t<k<j<T,W({t)-W(s)and W() — W (k) are
independent increments.

Definition 2.2. (Stochastic integral) [8]

A stochastic integral is an integral which is defined as a
sum more than integration and it is increased by the rise in
time on the Wiener process trajectory. That is:

[P e®aw () =33 6:(W,,, — W) ..(3)

Definition2.3. (The analytic solution of linear SDE) [9]

Let we have the general linear stochastic differential
equation given by

dX; = (a; ()X, + a,(t))dt + (b ()X, + b, (t))dW,... (4)
Then the solution will be in the form:

Xe = Bty (Xey + fj, Bszy ™ (@2(s) = by ()by(s))ds+

Ji By "ba(s) AW, ) (5)
Where

Dee, = exp(f:0 <a1 (s)— %blz(s)) dt+ ftto bi(s)dw;) ... (6)

3. Linearization method for non-linear (SDESs): [10]

The linearization method means to find a suitable function
which reduce such nonlinear stochastic differential equation
to linear in order to find their analytic solution, we explain it
by the following main steps:

Step 1.

Suppose we have the following nonlinear stochastic
differential equation:

dy(t) = f(t,Y(©))dt + g(t, Y (£))dW (t) ; y(te)=¥o---(7)
Here f(t, y) and g(t, y) are real non-linear functions,

Suppose that the function U(t,y(t)) be smooth and has
au au a%u

continuous derlvatlves \
Yoy’ av?

that reduce equation (7)
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to some linear stochastic differential equation. Which we
want to find it.
By using Ito formula to U(t, y(t)) , we get

G a 9?2
AUt x(0) = |22+ f T+ g a—y‘;] (t,Y())dt +

=] (e Y@)aw (o) ..(8)
Step 2. suppose that equation (8) transformed to linear
stochastic differential equation of the form:

dx(t) = (a, ()X (@) + ay)dt + (b, ()X() +

by)dw(¢) -(9)
Step3. Determined the parameters (a,, a,, by, b,) for the
linearity by using the comparison of eq. (8) and eq. (9), then
we have

Waflal g2 201 1) = @OUE) +ay) .(10)
‘;—5 g] (t, Y) = (b, ()U(Y) + b,) ...(10.2)
By solving equation (10.1) and equation (10.2), we get the
values of the parameter of the linear equation(9)

Step4. The analytic solution for the obtained linear
stochastic differential equation has the form:

Xe=D¢ {Xo + (az — b1 (t)b2) fot 0. 'ds + b, fot Q)t_ldWs}
where @, = exp(a; ()t — 2by* ()t + by ()W)

By using transformation

Y, = UT'(t, X,)

we obtain the solution of eq. (7).

3.1.The method of finding the analytic solution:In this

paragraph, we explain the main step of finding the suitable
function which transformed the nonlinear stochastic

differential equation to  linear stochastic differential
equation.

From eq(10.2), let g(Y) # 0 and b,(t) = b; # 0, then we
get

U _ by

7 = 30) uly) + —= (Y) ...(10.3)

which is a first order differential
integrated factor is:

equation,and the

_ b1
M=el Tsn® let B(y) = fy% sthen

U() = eblB(Y)f “b1B(Y) _Z_ b, dy + keP1BO)
9()

U(y) = —ba blB(y)J- “buB) D1
b1 gy

) dy + keP1BO)

U(y) = keblB(y) — %
1

Then equation (10. 1) becomes:
kebiE) [f(”b +2b% = 2b 5] = ay [ke? PO —%] +a,
y

keb1BO) [%b1 ~b? ——b1 - 2] = a,ketP0) — 9 4 g
a,b;

by

1
[£2by +2b7 —2b, C

90 1] 2

E
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1dU

let A(y) = o _ 2dy

gy , then

[b14G) +35 b1 — ay| ke1BO) = @, — U2 (1)
The derlvatlve of equation (11) is equal to zero, i.e.

1 ,
[(blA(u) + §b12 - al) keP1BM] =0

dA d
_ b1B(u) _— (eb1BW)
by & [keP1B@] 4+ kb1 A(w) o (eP1BW)

dA
kb,eP1B®) E + kb, eb1BO)
dA
kb,eP1E®)
[ g(y) ]
b1B
Multiplying by %11@ , we get
kb
(y) dy g(y) A(y)

:g(y)a+b1A(y), then taking the derivative with

respect to y we get

= b, A, + (bl

then we have the relation

Ay) =0

dA | d
Which is satisfied if
dA d di(gi_A)
d_y=0 or E( yd_Ay>=0 (13)
dy
i(yﬁ)
Provided that b, = — 22
dy

Result. The suitable linearization of a non-linear stochastic
differential equation is:
1.1f by # 0 then the best transformation is

U(y) = keblB(y) bl
2.if by = 0, then the transformation is U(y) = b;B(y) +k

by using a suitable value forb;  and obtaining
Uyand Uy, from equations (10.1) and (10.2) we

obtain the parameters aq, a, , by, and b, for the linear
stochastic differential equation (which is given in eq.(9) ).

From equation (4) we obtain the general solution of the
transformed linear stochastic differential equation by the

transformed function rewrite y(t):U(x)_1 J11]
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4.Numerical methods for solving nonlinear SDEs:
Since many stochastic differential equations have

unknown solution, so it is necessary to derive numerical
methods to generate approximations to the exact solution.

we used (Euler-Maruyama and Milstein’s) method.

4.1. Euler -Maruyama method: [12] [13]
Euler-Maruyama method is similar to Euler method for

solving ordinary differential equations that are presented from the
point of view of Taylor's algorithm which greatly simplifies

accurate analysis.

Euler approximation is one of the simplest discrete time estimates
for Ito-Taylor expansion .let X; be an Ito process on t € [t,, T]

satisfying the stochastic differential equation

dX, = f(t, Xpdt + g(t, X ) dW; 14
X, = Xo } - (14)
For a given estimate to<t; <t,<:-<ty=T, Euler

approximation is a random process in a continuous time X;. Now

we write

Xty ™ Ko, + o (6 0dE + [ g6 )W, .(15)

By replacing the integral of (15) with Taylor's chain
expansion for functions f(t, x) and g(t, x) around the point
(tn,xn) and X, =X terms containing (x — x,) that arise

in the expansion above ,we get

£(t,%) = (ty + 8t X, + 58) = F(tn, X,) + 2Bt + 26X + -

t—t, af X — Xp
= ftn, xn) 5 at (t - xn) axl(th —x) " - (16)
ag ag
g(t, x) = gty + 6t x, + 86t) = gty x,) + E& + &5’( + e
t—t, ag X — Xp
- g(tnlxn) + Bt (t _ Xn) x ( _ Xn)+... (17)

Substituting equations (16) and (17) into (15)

t—t,
tn _Xn)

6f| X — Xp dt
& (tn _Xn))

ther of
=X, + ft n (f(tn,xn)+ =

Ktpia
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t—t,

thst ag
+ f(t, %) + —
ft () + 25 20

Jt

og

X — Xp
+_
ox

(tn - Xn)

)olwt ..(18)

Xiper = Xty + In(tner — tn) + 80 (W, — W) .(19)

This implies X ,, = X, + f(A) + g, (AW)
Which is the Euler-Maruyama formula.
4.2. Milstein’s method: [12] [13]

The Milstein’s method obtained by add the following second order
term for Ito integral to the Euler-Maruyama scheme

g(X.,)g' (Xs,) ftz J;, dW,ds = g(X¢,)g' (Xs,)

1

= Eg(xtn)g’(xtn)( (dWp)? — dt)

From the Ito-Taylor expansion, we obtain (Milstein formula) given

by

Xty = Xey + fnltngr — tn)+gn(wtn+1 - th)
+ 2g(Xe)g (X )l (W, = W) (s — t)] .(20)
This implies
Xe,,, = X, + f(X¢, ) At + g(X¢, )AW
+29(X,)g' (X, ) ((AW)? — At) (21)

Eq. (21) is called Milstein’s formula.

5. Examples: In this paragraph we give some examples in
order to explain the methods (analytically and
numerically).

Example 5. 1. Consider the nonlinear SDEs given by

dY; = Yy(a + pY," " 1)dt + yYidw, ; Y(0) = Y,
a,f and y are constants.

Solve it (analytically and numerically).

The analytic solution:

Here a(y)=Y;(a + BY,"~") and b(y)=yY;

. 1db
Since A= A(y) = % - E_d(yy)

Thend = (E+Eym1-5 20
Y Y 2
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_B - _ B _
A, = ;(n -1DY*? and b(y)A, = yy[; (n—1)y"2
=B(n—1y"1?
d —
E(b(y)/ly) =pB(n—1)y"2,
b4
thenM = y(n — 1) which is constant
L(p)a
2 (M) =0 , we can take
dy Ay
2(bo)a
b, = _—dy(Ay ) =y(1-n)#0,b,=0k=1
We get U = keP1B(®) = ¢h1B®
— (Y4 _1, ().
Where B(t) = [, .= = S n(yo), Yo >0

Then U = [yl]l-" . (22)
0
SO We can assume
X=Uy)=[]'", by=-y(n—=1),b,=0
0
To find a,,a,
equation (10.1)
From equation (22), we get

, we need to find U, (y),U,,(y) to use

Uy() = (1= m)[>] " andUy, (y) = —n(1 —m)[>] ™"
So we have
a(y) Uy (y) +3b2(0)Uyy = U + ay

y(@+ By" (A - m)] "
Yo
1 - ~ l—n—1
— 577y (1 - n) [y] ]

Y-
=qu[—]""+a
1y0 2

This implies

YA = may, + 1 ( — Wy2ye? — a)] +

[(1 = n)Bye — azy,' ™ =0,

since y" 1 # 0

Then

a; = (1 - nay, +5 (n? — n)yy?anda, = f(1 - n)y,"
Therefore, the linearization for the given equation is
ax(@® = [{((1 = wayo + 1 (0* =wy?ye?fx(@) +

B —m)ye"|de + (v (1 = W)x(®))dw(®)

by using equation (4) , we get

Xe = By * Koy + B = 1)y0" f. B, ']
Dre, = exp[(a(l —n)ay, + %(n2 - n)yzyoz) t—
22— D2 +y(1 - nw,
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=exp[{(a(1 - May, +3 (0> = n)y?yo?) = 2y*(n - ‘ 3
D3+ y(1 — nwy] ~oxe = @e{xo — ﬁf exp [(a - 51/2) s+ yws] ds}
Ji Oses” 05l exp [~ {(a1 = mayo 45 n? - coxp [ (a=27) o~ oo (=274
ny2y?) =372 — D2}s — y(1 - mwg| ds yw}] [t exp[(a—277)s +yw,] ds
From the transformation Y, = U~1(X,),
We obtain t?e general solution oflthe original equation X,=exp {_ [ (a _ Syz) t+ VWt} ] X, — B f()t ds
o il 2V - (al-mayot 5 (Pmy’yy?) Jey(imw] Then the solution for this example is

[y, 1 +(B(1n) f; By, ds]

expl(a — %VZ) t+yw]

For special case , letn=2,y, =1 Y, = 3
Yool = ﬁt[exp[(a - 7]’2) t+ywel
dye = ye(a + By )dt + yydw, ; y(¥e,) = Yo The numerical solution:
Then Here f, =y, (a + By.,) and g, =¥y,
by = —y # 0,we can take a=13; f=0.05;y=01:y,=0.1
U = ceP1B®
Y ds 1 The Euler -Maruyama method for this example take the
B(t) = f— =—In form
Yye VY )

Yo Y, =Y, + fublt + goVAty, ... (23)
U=ce """ With =iAt=At= 2, i~0,1) ,t € [0,1]
= ce O = ¢ 11 _¢ And Milstein’s equation has the form:

ey y _ l 69tn 2 _

fwetake c=1,b,=0,b; = —y Verss = Yon * fenBt + 9 VAT, + 3 e 5, (1, — 1)t
Then=21,0, =20, == Where dW, = W, — W,_; , dW, = VA,

y’ y2 'Yy y3

The following figure shows the comparison between

From equation (10.1), we get ) o . .
numerical (Euler -Maruyama & Milstein) with the analytic

1
a(y).U, + Ebz(y)uyy =a,U+a, solution:
( +ﬁ)_1+1222 [1]+ ’s
y@+By)—+5vy*—==a|-|+a
y2 2" T yr s Tyl N |
4
2 24 ;/
a,=y°—a; aa=—B,by=-y,b; =0 S
From the linear equation = 7t
X; = la;x; + a,]dt + [byx; + b,]dw, , we obtain 2 /‘(
X, = [(y? — x)x, — that isB]ldt + [—yx, + 0]ldw, 18 v
I ¢
Then the solution is 16 &
t -
-1 14 — Exact value 1
Xl' = (pt{xo - ﬂ (pt ds} 2 = @ Euler-Murayama
5 12 3 -t Milstein
s

0 0.1 0.2 0.3 04 0.5 0.6 0.7

1
¢ = exp{(y® — )t =5 (=y)*t —yw;} o

2 1 2 Figure(1):comperison between the analytic and numerical solution.
= exp{y°t —at +5y t—yw:}

el 2r gt
—eXP{ZVt at — yw}

3 Table (1): The values of the exact and numerical solutions.
= exp{— [ (0( - Eyz) t+ VWt}] No. exact Euler-Maruyama Milstein
1 1 1 1
t t 3 2 1.051271 1.049880296 1.049875736
-1 — .2 3 1.105170918 1.099308549 1.099274569
f ¢ ds = f €xp [(“ 2V )S + VWS] ds 4 | 1161834243 1.156438536 1.156368842
0 0 5 1.221402758 1.214723305 1.214618882
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6 1.284025417 1.277548016 1.277375117
7 1.349858808 1.342431505 1.34226644

8 1.419067549 1.407831718 1.407647837
9 1.491824698 1.480546686 1.480344879
10 | 1.568312185 1.551690781 1.551476857
11 | 1.648721271 1.62957608 1.629403032
12 | 1.733253018 1.710609004 1.710385131
13 1.8221188 1.793461386 1.793250898
14 | 1.915540829 1.88440306 1.884199245
15 | 2.013752707 1.979965129 1.97980565

16 | 2.117000017 2.083915513 2.083786781
17 | 2.225540928 2.185768706 2.185550228
18 | 2.339646852 2.2929589 2.292713618
19 | 2.459603111 2.407314042 2.407003038
20 | 2.585709659 2.53117821 2.530715999
21 | 2.718281828 2.658939597 2.65844557

Example 5.2. consider the following nonlinear SDEs:
dy(t) = —e~¥tdt + e ?Ytdw,

Reduce it to a linear SDEs and find the solution
(analytically and numerically)

The analytic solution: By compare the above equation
with eqg. (7), we get
a=ftY®)=fO)=—-e*,

b=g(t,Y®) =gly) =e?

a 1d
= - —_— —— e_Zy)
b 2dy
—e ™ 1 5
—Z(=2e72Y) =
p 2( 2e7Y) =0

—e+e =0
b; = 0, then we can take

ds
ThenU =~ (e®° —1) ,U, = e?,U,, = 2¢%, 50 from
equation (10.1)
[—e™1(™)] +3 (™). (2e™) = a1 3 (™ — 1) +a;
Then —2e™%Y + 2(e™®) = a,e¥ + a,
al%(ezy0 — 1) +a,=0 if and only if a; =a, =0,

from eq. (9), we get

dx; = dw, . Then solution is
X =X +wg

Where x, =%(e2y0 -1)
This implies

Xt =§(ez3’°—1) + we

Since x, =U = i(ezn -1,
1

we get y, = Eln[th +1]

Then the analytic solution is.

e = %ln[ezy0 + 2w, ]

The numerical solution:

since f, = —e ™ ; g, = e %Vt

Then Euler- Maruyama and Milstein’ formulas take the
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form respectively:
Vines = Vi, T (—e™m)At + e_zy‘n\/ﬂnj

Vipr =V, T (—e Pm)At + e_ZYt"\/Enj +

1 _py (e Ptn) ,
Se y‘-‘nT(ﬂj - 1)At

The following figure shows the comparison between
numerical (Euler -Maruyama & Milstein) with the

analytic(exact) solution.
Figure(2): comperison between the analytic and numerical solution.

1.02

=
/’ \ Exact value
1011 . Ay ‘\‘ —: ’E‘Eﬁuller—Murayama
,;. =~ o \ iIstein
4 v L BN

\ b
>

0.99
S 0.98
0.97
0.96

0.95

0.94 ' : :
0 0.2 0.4 0.6 0.8 1 12

t
Table(2): The values of the exact and numerical solutions.

No. Exact Euler-Maruyama Milstein
1 1 1 1
2 0.997480835 1.00630818 1.00890818
3 0.99595704 1.006811734 1.007811734
4 0.993528587 1.0069751917 1.007775191
5 0.991895447 1.0073388 1.0123388
6 0.989357592 1.00699846 1.01199846
7 0.986814892 1.00491386 1.01291386
8 0.984967618 1.00798512 1.01898512
9 0.982715441 1.00495985 1.01985985
10 | 0.978915843 0.995937143 0.115937143
11 | 0.977315740 0.996905716 1.196905716
12 | 0.976596555 0.990979989 0.982979989
13 | 0.972029787 0.972349501 0.965949501
14 | 0.971458093 0.966630511 0.966330511
15 | 0.969881443 0.973519163 0.983519163
16 | 0.965299806 0.955392517 0.965392517
17 0.96171315 0.955292416 0.959562342
18 | 0.959521443 0.958562342 0.957252742
19 | 0.957221401 0.955252342 0.949185642
20 | 0.955454329 0.962856442 0.966228492
21 | 0.952332650 0.957985922 0.96894327

5. CONCLUSION AND FUTURE WORKS:

Through our study we applied the linearization method
(linear -transform) for the nonlinear stochastic differential
equation(SDES) by applying Ito formula. After we obtained
a suitable function X, = U(t,Y;) for the reducible linear
stochastic differential equation , we find the analytic
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solution. lastly we compare the exact solution with the
numerical solution (Euler- Maruyama and milestone)
methods by several examples, in the numerical solution we
see that the Milstein method better than Euler- Maruyama in
convergence with the exact solution for the first example
while in the square root example it seems that they are the
same.

As a future studies one can study the linearization of some
nonlinear(harmonic) stochastic differential equation by
using stratonovich formula for their solution and compare it
with Ito formula.
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