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This research studies the spatial distribution quality of spatial interpolation methods.
The research aims first to obtain unbiased estimator parameters based on regionalized
variables in the study field. We used kriging techniques (called Local spatial interpolation)
to rely on the variogram function with a fuzzy inference system, where fuzzy kriging is an
extension of ordinary kriging. The second objective of this work is to estimate parameters
of covariance models based on real data of soil chemicals, the data adopted in this
research is taken from (100) real data for each soil chemical (Mg, Cl, and No3). These
data are from Mosul Quadrangle in Mosul city in Iraq. After applying kriging techniques
and a fuzzy inference system, we show the minimization of the estimation variance to
choose the sentimental under uncertainty. We get the Smallest standard cross-validation of
errors. Covariance models are described by exponential, and spherical model. With the
best fitting models by the constraint of weights we note that the performance of the
interpolation method is better by compared to the fuzzy system. In conclusion, the
improvement does not rely on the statistical methods, but rather higher quality and large
data of soil variables should be used to improve the prediction process. All programming

computations are
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l. INTRODUCTION

There are many spatial interpolation methods that are
used to find the best performance of a spatial distribution
based on the theory of regionalized variables. Kriging
techniques are the most important to prediction values in the
study area, later on, Georges Matheron, which to the first
scientific approach to the kriging method. The main purpose
of spatial data analysis is to obtain the best estimate of the
values of a particular phenomenon in the study area with
minimal variance errors through kriging techniques such as
universal kriging [7]. Spatial variability of the studied data
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carried out in Matlab Language.

has an accurate prediction of covariance for any application
(such as mining field, level of groundwater, environmental
sciences, soil data, pollution, ..., etc.). Various statistics and
analysis numerical approaches to the best model have been
introduced. Multivariate techniques have proven to be
effective in the spatial prediction of landslides using a high
degree of accuracy [11], [12]. Many studies dealt with the
fuzzy system starting to know the fuzzy logic, fuzzy numbers,
and the membership model [16], [18]. Other studies took the
prediction using an application of the analytical hierarchy
process. [1], [2]. And also, the fuzzy inference system interest
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other scientists such as [4], [5], [6].

This paper describes a method of fuzzy kriging
depending on the variogram function. Kriging specifically
explains the subject of uncertainty about the empirical
variogram. This work demonstrates how to "fuzzy spacing”,
which achieves variance kriging. Fuzzy kriging interests soil
scientists, it assumes that the reader is familiar with the basic
ideas of fuzzy theory [13], [15].

2. Material and Methods
2.1 Interpolation methods
Geostatistical  techniques include kriging to
interpolate the value of regionalized variable theory.
Geostatistics is applied in different fields such as (depth, soil
science, hydrology, groundwater, environmental sciences, ...,
etc.) [12].

2.2 The variogram function

The variogram function is defined in spatial statistics
of the stochastic process {z(v), veR%}. For each pair of points
in the sample data, the variogram function is defined by
Matheron as a measure of the half mean-squared difference
between their values at locations or with at the distance (lag

h).
1 N(h)
2 = g D (v0=2(w + WP &

2y(h) is the variogram function, z(v) regionalized
variables containing a point (v). Cressie defined variogram
as the variance 2y(v,,,v,) = var(z(v,) — z(v,)) also, we
can write the variogram also function as the expectation .

2y(vy,v;) = Elz(vy) — z(v,)]?

and under stationary process, semi-variogram defined

by Cressie:

Y1, v2) = y(vy — vy)

z(v) is second-order stationarity with mean u a
covariance C(h)

i) E[lzw)]=u, VUVED

ii) Covariance function dependsepend on the distance
of h

z(v) = Cov((z(v),z(v + h)) = E(z(v),z(v + h)) — u®

And the d in case of isotropic
h=llvall , y(vy,v2) =y(h)

The scientists (Chilled, and Wachanagel) give the
properties of variogram function as the following:

i) y(vy,v,) =0 (non ngative )

ii) E[z(vy) —2z(v,)]? =0 at distance (0)

iii)

i Z?Izl w; y(vi, vj) w; <0 where SN w; =0
when we describe the curve of the variogram function
by the vriogram parameters as the following:

o Nugget effect denoted as (C,) defined as the
discontinuity at the origin point (or measurement with
error).

o Sill (C+C,) defined the limit of function to infinity,
where C is partial sill [17],[18].
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e Range denoted as (a), is the distance on X-axis at
which the variogram levels off to the curve stable. (see
Figure (1))
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Figure (1): parameters of variogram
o if we have the set of sample z,,....,z; at
locations vy, ...., vy, Where v, denoted of z(v;),
e i=1,..,k and the empirical variogram
function can be written as:

2y (W) = 5o 2)

e where N(h) is the pairs of observations

Sanenawlz — 7|’

[8].
2.3 Fuzzy Theory

The published research” Fuzzy sets” is the first research
of the professor and head of the Department of Electrical
Engineering at California university at Berkeley Lotfi A.
Zadeh which was published in 1965. This scientist is
considered the first to sudy " The Fuzzy " after identifying it
and linking it with Probability theory to get the mathematical
logic. Zadeh used the membership of classical binary logic
and developed it for a set of mathematical principles to
represent the membership degrees of multivalued fuzzy
Logic rather than the classical set. The first introduces some
concepts of fuzzy set theory after Zadeh [2], [3], [9]. The
fuzzy set A is defined as a set of pairs of elements and the
corresponding membership degrees less than or equal to 1
denoted by A ={(x,u, (x)), x € X} where X is a
collection of element numbers x; u,: X — [0,1] called the
membership function of set A, [10]. If we have two fuzzy
sets A and B then the intersection of A and B denoted by
ANBis:

AN B = {(x, ttan 5 (%)), x € sup(4) N sup(B)}

membership function p, o 5(x) = min(p, (%), s (x))

Let M and N, fuzzy subsets of sets X and Y with
Uy (x) and py(y) then a furry subset of M X N has

tm an (X, y) = min{uy (), uy ()}
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2.4 Fuzzy kriging procedure

Parameter values, whether accurate or inaccurate, at
certain points where the parameters are to be estimated
these values are the inputs of fuzzy kriging. The estimated
value for any location represents the outcome of the fuzzy
kriging. The experimental variogram is used as the best tool
to find the theoretical variogram function. Fuzzy kriging
can be calculated by taking fuzziness and fitting a
variogram curve [14], [17].

2.5 The Hypothetical Fuzzy Variogram

The experimental variogram function is defined

1
2y(h) = N [z(v + h) — z(v)]?

(i.j)EN(h) .
Corresponding, the fuzzy variogram for fuzzy A is
defined as 2y ;(h) and for the formula:

V() £ [opluz(ur + b — ux(v)12dp

From equations (3), and (4) we write:
N(h)

1
214(0) = g . Wi+ 1) () (S)
k=1

[19]
2.6. Ordinary Kriging

(3)

(4

The kriging technique is wused to
estimate a value at a point of real spatial data of
the study area. The variables satisfice the
second-order stationarity. In ordinary kriging,
we want to estimate a value of (v,) using the
data values from neighboring sample point
(vy). The predictor of ordinary kriging linearly
with weights can be written as:

Zok@) = D Ay 2(w)
i=1
where A;,i = 1,2,...,h is the weights,
estimate variance is defined by oz2:

n n
ot = —y(vi — v]-) Z Zliljy(vi - v]-) + ZZ Ay (v
=1

B INC)
By minimizing the estimate variance with
condition on the weight, the ordinary kriging

system:

/V(vl—m ¥ (wy1-vp) 1\ / A4 \ /V(vl—vo)\
I | =

. A
\Y(vn—vl) Y wy—vg) 1 / \ﬂn / \Y(vn—vo) /
1 . 0 Hok 1

Where po is the Lagrange parameter and A; are

(6)
the

the weights also the ordinary kriging system can be
defined in the form:

(~ , )
| Z Y (wi-ve) T Mok =YV (wy-vp) -1 = 1.2, .1 |
= o)

LZAQ:l

a=1

The estimate variance o, 2is defined as:
n

Gtazk = Uok — Y(wo-vo) T Z Aay(va—vo) ©

a=1

Where v, is location of the real data , then
2(vy) = z(vy) if vy = vg,. [5], [8].

2.7 Cross validation

e In order to obtain effective a prediction we
used The value of G measures by using
sample mean.

_ Sz -2y

6 =11~ %r Con—zwo]

(10)

where z(v;) are the observations of the
variables, Z(v;) the predictor values and are z
the sample mean, to evaluate the complete
prediction G is equal to 1, while the prediction
is less accurate when G is a negative value,
while if G is a positive value that means a
more positive prediction and G is zero refer to
the sample mean should be used.

e By using the kriging variance, we can
define the accuracy of prediction mean
square error (MSE) and calculated by:

i [2(v;) — 2(w)]?
aozk

i=1
3. Results and Discussion

MSE = (11)

3.1 Study Area

This research adopted the soil data from Mosul city in
Irag. These data contain (100) values of each soil data (Mg,

Cl, and NO3).
Table (1): data statistics of soil data (Mg, Cl, and NO3)
Soil . . Standard
Data Min Max Median Mode deviation
Mg 0.200 29.5 7.6500 3.7 6.0881
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Cl 3

38

16

6

11.4193

NO;

0.400

8.600

1.810

1.700

1.8813

Table (1) show the statistics of soil data for (Mg, Cl,

and NO3) including (min, max, median, mode, and standard

deviation
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Figure (2): results of variograms for Mg data

Figure (2) describes the curves of the variogram
function in figure (a) shows the results of the variogram for
all theta of the compass (6=0°,90°,45°, and 135°). Where
the curves of variograms in all theta are curves that behave
similarly in all directions of the compass. While figure (b)
describes the average of (0°,90°) as it takes the same
distance of h (represent red curve), and the average of 45°
and 135° have the same lag of h (black curve). Plots of
Figure (1) rely on the results of the variogram function in

Table (2) below.

Table (2): results of the variogram function for Mg

Gi1 G22 G33 G44
0.0004 0.0011 0.0017 0.0001
0.0005 0.0025 0.0035 0.0019
0.0006 0.004 0.0054 0.0028
0.0007 0.0067 00.0089 0.0044
0.0010 0.0096 0.0127 0.0065
0.0012 0.0138 0.0195 0.0096
0.0015 0.0187 0.0261 0.0127
0.002 0.0262 0.0427 0.0199
0.0037 0.0408 0.0778 0.0265

Table (2) show results of variogram function (G11,

G22, G33, and G44) is results of thetas (0°,90°,45°, and 135°)

respectively. And by the same way, we getting the results of
the variogram function in follow Figure.
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Figure (3): results for Cl data of variogram: (a) for all theta, (b)
average of each two thetas.

Figure (3a) illustrates the curves of the variogram
function for (CI data) for all theta between the distance (or
lag h) on the x-axis and the variogram on the y-axis. Figure
(3b) shows the curves (red) the average of thetas (0°,90°) and
the black curve for two thetas (45°, 135°.
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Figure (4): results of variogram function for NO3 data (a) in all
theta, (b) average of variogram

Figure (4) above describe the curves of variogram
function (a) in all theta of compass, and (b) the curve of
average of variogram function rely on the distance.
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Table (3): results of parameters of variogram function.

Data Mg Cl NO;
Theta 0°,90°| 45°135] 0°90°| 45°1359 0°90° | 45°135°
Nugg

et 0'0237 0.001348 o.og? 0.00303 1'2352' 1'2352'
Effect

Sil 0.02522 0.0522 0.04:,5 0.090L 0.0050828 0.0008285
Raeng 8 131 8 11.31 8 8

Table (3) describes the results of the variogram
parameters for Mg, Cl, and NO3 in all thetas, these
parameters represent the nugget effect, sill, and range. The
parameters of the variogram function are defined on the
assumption of uncertainty. Property as: nugget effect (Co),
sill (Co+C) and partial variance (C). the kriging variance
og? after prediction of points of regionalized variables.

By using the fuzzy of triangular membership function
with parameters, where T (x|a, b, ¢) defined as:[20]

(0 x<a orx=c
1 x=b
x—>b
T(x|a,b,c) = ' —a a<x<b (12)
x—Db
1—( ) b<x<c
c—>b

s

0

o

a X b

Figure (5): Triangular membership function

Where a<b <c, let v; is fuzzy set, then the
membership of a spherical variogram (uug) in v;is given
as:

ty, = min{T (c|0.0004,0.0011), T(c,|0.0017,0.001)

Where T (a|wy,, Wy, Wi).

The ranges used to define triangular membership
functions for the nugget effect and partial variance of Mg or
(No3) Then u,, and u, can be defined as:

Ue = T(x]0.0215,005055)

The furzy variogram for soil NOj in this field

(13)
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with uyo3 Thus the membership is

Uno; = min{pg(a), to(co), e ()} (14)
These variograms are described by exponential,
spherical, or Gaussian parameters range, nugget
effect, and partial variance

agspy = 3a(Exp) = V3a(gaussian)
C(sp) = Co(Exp) = co(gaussian)
C(sp) = 0.95(Exp) = V3a(gaussian)

The step of defuzzification gave the approach the set of the
fuzzy spacing by computing the fuzzy mean value:

[xulx) dx

S ux) dx
where u(x) is the membership of the set fuzzy [5], [18].

(15)
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0.05

kriging variance
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0 5
©

Figure (5): curves of soil data between spacing and kriging variance (a) for
Mg data, (b) for Cl Data.

10
spacing

Figure (5) illustrates the curves of soil data (a) for Mg data,
(b) for Cl data, and (c) for NO3, showing a plot between the
spacing on the x-axis and kriging variance on the y-axis.
When we compare the curves of all data we show the similar
behavers between the variogram function results with the
parameters (nugget effect, sill, and range)

Table (6): results of prediction for (Mg, Cl, and No3).

Soil | Locations of |Z(vg)for| o2, MSE G
prediction

Mg| (235,9.1) | 215 | 01134 | 0.133 | 1.005
(12,107) | 425 | 0.0224 | —0.434 | 0.901

CL| (11,57 6.49 | 0056 | —0.470 | 1.012
(36 ,17) | 568 | 0.009 | —0.100 | 0.908

No3| (0.9, 8.9) 4.67 0.103 0.029 0.969
(55,79) | 550 0.111 0324 | 1.102

Table (6) shows a comparison between soil data of Mg, Cl
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and NO3 of prediction used for six random locations by
applying equation (6), compute in these locations to get the
accuracy of prediction process. and using kriging variance

o2.according equation (9). Most of the values of kriging
variance are very small and also we used G measure
according to equation (10) and obtained mean square error
(MSE) according equation (11). These results in Table (6)
proves the accuracy of the kriging technique and, likely,
supplies a good prediction. Also, most of the G values are
closer to 1 of ordinary kriging technique. In addition, that
the weights are equal to one Y »_; A, = 1 (condition of
unbiased predictor).

Conclusions

Soil data are applied in this work to describe the spatial
distribution of several parameters or properties by variogram
function beside the fuzzy variogram. The kriging variance
could be fuzzification for crisp information and the variance
of kriging is very small. A fuzzy variogram was obtained by
applying the process models with soil data. The fuzzy
variogram function can be made wider, by changing the value
we get the organic function of the regionalized variables The
results obtained indicate small differences in the prediction.
The weights are close to one, we obtained the closest data
contains the largest weights, while the further data contains
the smallest weights. The variograms are described by
exponential, and spherical models. Fuzzy systems appear
from applications in soil data is still a developing field
through information about soil differences. In addition, the
uncertainty they represent by kriging anisotropy. To
conclude, the variogram gave the fuzzy specification to
derive a fuzzy set of spacing with kriging variance. Fuzzy
kriging spacing gave an ideal method for determining
sampling composition.
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