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Abstract—The graphs which are used in this paper are simple, finite and undirected.
The first and second Zagreb indices for every non-adjacent vertices (also called first and
second Zagreb coindices) are dependent only on the non-adjacent vertices degrees which

interspersed the operations of addition and multiplication, respectively, for the degrees of
non-adjacent vertices. The number of the edges incident on vertex v in a graph G is called
the degree of a vertex v and the two vertices u and v are non-adjacent if it’s no common
edge between them. In this paper, we found the first and second Zagreb coindices of
chains of even cycles and also, gave some examples.
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l. INTRODUCTION

The simple graph G is consist of pairs order of non-
empty finite set is called set vertex V and a finite set of
unordered pairs of distinct elements of vertex set is called set
edge E and denoted by G = (V, E). The number of elements
the set vertex and set edge are called the order and the size of
a graph G respectively which denoted by p = p(G) and
q = q(G) respectively. The degree of vertex v in a graph G is
the number of edges incident with vertex v denoted by
deg;(v). The cycle in a graph G is alternate sequence of
vertices and edges uq,eq, Uy, ey, ..., Uy, €y, Uy SUCh  that
w; #u; forall 1 <i,j < h, h = 3, the cycle graph is a graph
contain only a cycle, denoted to the cycle graph of order p by
C,. It is clear that every vertex of C, has two degree and we
say that the cycle graph is even if p =2m, m e N — {1}
(g =2m, m € N —{1}). For a lot of concepts in statement
theory, see the references [1,2].

An invariant of any connected graph is the number
related to graphs. The topological indices are one of invariant
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important in knowing many chemical and physical properties,
one of the oldest invariants of graph is Zagreb indices (first
and second) which introduced by Gutman and Trinajsti¢ in
1972, [3]. In 2008, [4], Doslic find the complement of first and
second Zagreb indices which is called first and second Zagreb
coindices. There are many researchers who have an interest in
finding first and second Zagreb indices for a lot of graphs,
such as: [5-9]. Also, there are many topological indices that
are interested in many researchers such as: omega, degree
deviation and Wiener indices [10-13].

In this paper, we found the first and second Zagreb
coindices of special types of chains graphs ”chains for
identical of n —even cycles”, the complement of first Zagreb
index and the second of Zagreb index are defined respectively
by:

Z,(G) = Yyuesldeggv + deggul,
and

Z,(G) = Yyuesldeggv x deggu] .
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1. The first and second Zagreb coindices for

chains of n —even cycles:

In this section, we take two types of chains for
identical of n — even cycle as the following:

Type 1: A chain of n — even cycles C,,,,n,m = 2 by
identical symmetric vertices IV(CCZm) see Fig 1.1.
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FIGURE 1.1. The graph I,,(CC,,,)
Type 2: A chain of n— even cycles Cy,,, n,m =2 by
introduced path B., r > 2, for symmetric vertices I»(CCyy),
see Figl 2.
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FIGURE 1.2. The graph I,(CC;,,),

Now, we find general formula of the complement of first
and second Zagreb indices for both types of chains.

Theorem 2.1.1: For all n,m > 2, then:
1. Z;(I,(CCY) = Zy (I, (CCRY)) + 8nm(2m — 1)
—402m? + m+ 2).
2. Z,(I,(CCH) = Zy(I,(CCPRY) + 16nm?
—4(2m? + 3m + 5).
Proof:
We add an even cycle C,,, to the chain I,(CCJ, )by
identical the vertex ul' in CJ, with the vertex u’;}in
I,(CCr-Y), we obtain:

1. Zy( (CC3) = Zy (Iy (CC3")) + D oen 1(2,2)
+D; (cep (24 + D cen 3y (44)
;ln_+11)(2'2) N

+
D y(cckntu

Dyt (cep,)22)

2 2\y2m
Zm j=i+2

[degy(cegyui™ + degyccg,s™|
+ X Xici DNia [deglv(cczm)u + degzv(ccglm)ui(lj)]
D W YA, [deglv(ccglm)ui o+ deglv(CCznm)ul(‘L})]

1
+3i5 [degzv(cc;m)ufn) + degzv(ccznm)ui )]
= 16nm? — 24nm — 8m? + 12m + 8n.

Diy(ecgat ) B4
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Dy cez) 24

=X Z":él [deg,v(ccznm)ui(n) + deglv(ccglm)ugj)]
+IE [degzv(cc;m)u‘") +degy cog,yu”

1)

+2% [degIV(CC )u +deg,V(CC2m)um+1

+2Es [deglv(CCZm)um+l + deylv(cczm)um+1)
+YIE YR, [degw(ccglm)u' +deg,(ccy, )um-:ll)]

+2j= TIR, [degIV(CCZm)um+L + degIV(CCZm)um+11)

[deQIV(cc” )u1 '+ deg,v(ccm)um+11)

= 24nm — 24m — 18n.

DITz(CC%‘m)(4'4)
=¥ [deglv(ccglm)uin) + deglv(ccglm)ugj)]
=8n—-16
+
Dy (cepatunzy (22

- €Y (n-1)
= [deglv(cczn,;l)u1 + degIV(CCn_l)u7:+1 ]

n-1)

_ -1)
+ Z:’izl [degzv(cc;lnql)u + degIV(CCZn 1)um+1

1)
+2%; [degw(ccznrgl)umﬂ + deglv(cczn,;l)umﬂ ]
- G -1
+XP R, [degzv(ccgl,;l)ui]) + de‘gzv(ccz",;l)uxlﬂ)]

- (6] (n-1)
+ XN, [degzv(ccgl,;l)unlwi + deylv(ccglgll)ur:zl+1 ]
=8nm—-8m—-8n+4.

+
Dry (ceprt gy B
_ - 6)] (n-1)
=X [degzv(ccgl,;l)u1] +degy, (ccptymen ]
=6n-—12.
There fore
Zy(Iy(RC) = Zy (I, (RCED)) + 16nm? — 24nm — 8m?
+12m 4+ 8n + 24mn —24m — 18n + 8n
—16 —-8nm+8n+8m—4—6n+ 12.
7, (I, (RCE)) = Z3 (Iy (RCELY) + 8nm(2m — 1)
—4(2m?* + m + 2).

2. Z,(Iy(CCE) = Zo(Iy(CC3™)) + DJ en 1(2,2)
+ Dpy(ce) @) + Dpy cep,y (44
Lyn=t) (2,2) — DI);(CC?W_II'u;ln_'Fll) (2,4).

_DIT/(CCz"JL
Since, DIT/(CC%[m)(Z’Z) = ;E/(chlm)(z’z)
= 16nm? — 24nm — 8m? + 12m + 8n.

D} (ccp,) (24) = 32nm — 32m — 24n.
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iy(cen,)(44) = 16n — 32.
D;/(CC;'El,u?n_.,.ll) (2,2) = 8mn — 8m — 8n + 4.
DX

(eegtatizy) (24 = 8n —16.

Then
Zy(I,(CC3) = Zy(I,(CCRD) + 16nm?
—4(2m?* + 3m + 5).

Corollary 2.1.2: For all n,m = 2, then:

1. Z;(I,(CCRy)) = 4(2n*m? — n®m — 2nm — 2n + 2).

2. Z,(I,(CCE) = 4(2n*m? — 3nm — 5n + 5).

Proof:

From Theorem (2.1.1) and using recurrence relations, we get:

1.Z,(I,(CCRY) = Zi (I, (CCERY) + 8nm(2m — 1)
—4(2m* + m + 2)
=Z;(I, (CCED) + 8m(n — 1)(2m — 1)
+8nm(2m — 1)
—-8(2m?* + m + 2)

= Z1(I,(CCE®)) + 8m(n — 2)(2m — 1)
+8m(n—1)2m —1)
+8nm(2m — 1)
—-12(2m? + m + 2)

= 7; (1, (ccp,™ ) +Y28mn — )(2m — 1)
—4(n—-1)2m?+m+2)
Since Z; (1, (CC3,,)) = 8m? — 12m, then
Z(I,(CCY) = 4(2n*m? — n®m — 2nm — 2n + 2).

2.Z,(1,(CCY) = Zo (1, (CCRRY)) + 16nm?
—4(2m? +3m +5)
= Z,(I,(CCE2)) + 16m?(n — 1) + 16nm?
—8(2m?* +3m +5)
= Zy (I, (CCER®)) + 16m?(n — 2)
+16m?(n — 1) + 16nm?
—12(2m? +3m +5)

-7 (IV(CC" (n-1) )+ Y2 16m?(n — i)
—4(n—1)(2m?> +3m+5)
Since Z,(1,(CC3y)) = 8m? — 12m, then
Zy(I,(CC3y)) = 4(2n*m? — 3nm — 5n + 5).
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Example 2.1.3: The first Zagreb and the second Zagreb of
I,(Ccc}) forall n € N are:

1. Z;(I,(CCY)) = 60n? — 32n + 8.

2. Zy(I,(CcCc)) = 72n? — 56n + 20.

{ Cé X Cg }--

FIGURE 1.3. The graph I,,(CCg)

Theorem 2.2.1: Foralln,m = 2, r = 3, then:

1. Z,(1,(CCEy) = Z3 (I (CCEM)
+4n(4m? + 4mr +r?> —6m — 3r + 2)
—2(4m? — 6m — 6r + 3r? + 8mr + 6).

2. Zy(Ip(CC)) = Z(Ip(CCERM)
+4n(4dm? + dmr +r> —4m —-2r + 1)
—2(4m? — 2m — 3r + 3r2 + 8mr + 7.5).

Proof:

We add an even cycle C,,, to the chain I, (CCJ,1) by identical
the vertex ul' in €3, and the vertex u%;Y in I, (CCH,Y) with
both ends of the pathP., v*~tand v}*~* respectively, we
obtain:

1. Zy(Ip(CC3) = Z,(1p(CC3RM) + D en (2,2)
+DI (CC" )(2 3) + DI (CCn )(3,3)
1:“#1111) (2,2) — DIP(CCznn_zl-u#;rlﬂ (2,3).

~Dip(eet

D cen, )(2 2)
= X N [deglp(Csz)u +degIP(Csz)u )]
Fl Zj:l Yhe2 [deg1p(cc{‘m)ui + degIP(CCz"m)uh ]
+ X X e [degzp(ccglm)ugn) + degzp(ccglm)uﬁj)]
+ Z?:rré [degzp(cc;n)ugn) +degip(cct, )ugl)]
Yt Y hIs [deg,P(CCZm)u +degy,(ccp, )vh ]

2m

+
+3h53 pym The2 [degzp(cc“ )vh 4 deglp(cczm)v 1)]
+ X Zn Iy [deglp(ccz )v M deglp(cczn Yo )]
+ XL X5 DN [deglp(CCZm)u +d991p(cczm)"h 1)]

[deglp(CCZm)u + degIP(CCZm)vh 1)]

+ X N T [deglp(CCZm)um+L+deg1p(CC )Uh 1)]

+Xh5 [deg1p(cc§lm)vh V4 deglp(ccglm)umu)]
= 16nm? + 16mnr + 4r’n — 56nm + 48n — 8m? + 44m
—61r% + 34r — 28rn — 16mr — 40.
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+
Dra(cezn) 23)
— ZZm—l n d ) +d 6)]
i=3 j=2 eg[p(CCénm)ui e'gIP(CCZHm)ul
- (n) 6))
+315 [deglp(cc}m)uzn + deg,P(CCan)ulj ]
- (n) 6D}
+ 207} [deg,cep,yusm + deg pcenyus’ |
_ 6)]
+ XX [deglp(CC;m)ui(n) + deglp(ccznm)un]lu]
_ 6)]
+X7 YR, [deg,P(CC;m)uif + deg,P(CCan)ugn)]
_ 6)] (m
+ Zyzll Xz, [de‘glp((:c}m)urrjwi + degIP(CC?m)uln ]
® ()]
+ [deg1p(cc;1m)u1 + deg,P(CCan)uln ]
_ - 6D}
+ X7 NS [deglp(CCan)vh] + deglp(ccglm)uin)]
_ -1
+X023 [degzp(cc;m)vﬁn '+ deglp(CCfm)ugn)]
— - -1 j
+XIE NS [degzp(cc;m)vﬁn b+ degzp(cc;m)uij)]
_ - (n-1 03]
+ XN [deg,P(CCan)vh" '+ deglp(ccfm)urr]zﬂ]
- (n-1) 62}
+X057 [degzp(cc;m)vzn + degzp(cc;m)uriﬂ]
_ -1 -1
+ X0t [deglp(ccglm)uz(n )+ deg1p(cc§1m)u1(r1:+1)]
(n-1) (n-1)
+2i2; [deglp(ccznm)urZ:H + deglp(ccznm)u‘n?+1
- (n-1 6]
+XR, Y0 [deg1p(cc§m)ur:+1) + deglp(CCznm)ui] ]
- -1 0))
+2i%, Z?:f [deg1p(cc§m)u£:+1) + deglp(CCan)uTr]l+i]
1 on- -1 j
+ IR TN [degipeep, s + dedipccn)vi’ |

+[degipeep,yus” + degiyeep,yvi” |
=40nm — 40m — 70n + 20rn — 30r + 70.

Dip(ccgn) 3:3)

= 213 degp(cen,yus” + degip(cep, Uy ]
+ Z?;f[deglp(ccglm)ugn) + deg1p(ccfm)ug)4-1]
+ Z;':zl[degzp(ccglm)ug:;) + deglp(CCéﬂm)ugj)]

_ -1 j
+ Z?:f[degzp(ccglm)uglﬂ) + deglp(ccglm)ur(v?ﬂ]
= 24n — 42

Dy (ceit i) (2:2)

= [deylp(ccz",;l)ugl) + deglp(CC;lT;ll)u‘g.l;ll)]

+XE Y [degzp(cc;;;l)vﬁj) +deg,,(ccnyUme )]
+X! [degzp(cc;,;l)ul-(n_l) +deg,,(ccnyUine )]
+ 23 [d391p(cc§1,;1)ur(r?+_i1) + deglp(cc%1)u$+_ll)]
+XEE IR, [deg@(cc{;;l)ugj) + deglp(cczn,;l)ur(rr::)]

- ) (n-1)
+ 27:12 2tz [deg@(cc{ln?)umﬂ + deyIP(CC?n_Il)u’:“

=4rn—8r —16n+ 8nm —8m + 20.

+
Drp(cegmt ) @)

. 0 (n-1)
=2 [deg1p(cc§‘,;1)u1 + deglp(CC%l,;ll)uT:+1 ]

+ X757 [deglp(CC%l,;ll)ur(r{?{—l + deglp(Ccznn_ll)ugll;ll)]
=10n—20.
There fore,
Z1(I(RCEY) = Z1 (Ip(RCILYD)) + 16nm? + 16mnr + 4r?n
—56nm + 48n — 8m? + 44m — 6r? + 34r — 28rn — 16mr
—40 + 40mn —40m — 70n + 20nr — 30r + 70 + 24n — 42
—4rm + 8r + 16n — 8nm + 8m — 20 — 10n + 20.
= Z1(Ip(CCEM) + 4n(4m? + 4mr + 12 — 6m — 3r + 2)
—2(4m?* — 6m — 6r + 3r2 + 8mr + 6).

2. Z,(1p(CCE) = Zo(1p(CCE")) + Dy, )(2,2)
+D}' (ccp ) (23) +D]) cep 1(3.3)

IP(CCan Ip(CC%Im
X X
_DIP(CC%Iy;ll.u;ln_.‘.ll) (2,2) - DIP(CC;;zlvu;nn_-q-lﬂ (2,3)
Since, Dy ceg,)(2:2) = Diy ccp,) (2:2)
= 16nm? + 16mnr + 4r?n — 56nm + 48n — 8m? + 44m
—6r2 + 34r — 28rn — 16mr — 40 .
Dzi,(ccznm) (2,3) = 48nm — 48m + 24nr — 84n — 36r + 84.
Dy (cep,)(33) = 36n — 63.
Dé,(ccznn;l,u;ln;ll)(zl) = 4rn — 8r — 16n + 8nm — 8m + 20.
Dy (cepatun-s)(2:3) = 12n — 24.
Then, Z,(Ip(CC3n)) = Z5(Ip(CCHR"))
+4n(4m? + 4mr + 1% —4m — 2r + 1)
—2(4m? — 2m — 3r + 3r% + 8mr + 7.5).

Corollary 2.2.2 : Foralln,m = 2 and r > 3, then:
1. Z(Ip(CCY) = 8n?m? + 8mn?r + 2n?r? — 12mn?
—6rn? + 4n® — 8mnr — 4r’n + 6rn — 8n
—32m? — 16mr + 200m + 46r — 284.

2. Zy(Ip(CCE,)) = 8n*m? + 8mn’r + 2n%r? — 8mn?
—4rn? + 2n? — 8mnr — 4r’n — 4nm + 2rn
—13n — 32m? — 16mr + 200m + 48r — 277.

Proof:
From Theorem (2.2.1) and using recurrence relations, we get:

1. Zy(I(CC3) = Z5 (I,(CCHRM)
+4n(4m? + 4mr + r?> — 6m — 3r + 2)
—2(4m?* — 6m — 61 + 312 + 8mr + 6).
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=2, (I, (CC5D))
+4(n—1)(4m? + 4mr +r2 — 6m — 3r + 2)
+4n(4m? + 4mr + r?> — 6m — 3r + 2)
—4(4m?* — 6m — 6r + 31 + 8mr + 6).

= 7, (I (CC1®)
+4(n—2)(4m? + 4mr +r? — 6m — 3r + 2)
+4(n — 1)(4m? + 4mr + r> —6m — 3r + 2)
+4n(dm? + 4mr +r?> —6m — 3r + 2)
—6(4m? — 6m — 6r + 312 + 8mr + 6).

=7 (1p(cc, "))
+3M34(n—)(@m? +4mr +r2 —6m — 3r + 2)
—2(n —2)(4m? — 6m — 6r + 3r? + 8mr + 6)
Since, Z;(1,(CC3,,)) = 152m — 34r — 284 then
Z(Ip(CCY)) = 8n?m? + 8mn?r + 2n?r? — 12mn?
—6rn? + 4n? — 8mnr — 4r’*n + 6rn — 8n
—32m? — 16mr + 200m + 46r — 284.

2. Z,(I(CC3)) = Z5(1p(CCHRY)
+4n(dm? + 4mr +r> —4m —-2r + 1)

—2(4m? —2m — 3r + 3r% + 8mr + 7.5)
= Z,(Ip (CC3»))
+4(n— 1D)(Am?> +4mr +r? —4m —2r + 1)
+4n(4m? + dmr +r? —4m - 2r + 1)
—2(4m? —2m — 3r + 3r% + 8mr + 7.5)
= Z,(I(CCE)

+4(n —2)(Am? +4mr +r? —4m - 2r + 1)
+4(n— D)(Am?> +4mr +r? —4m —2r + 1)
+An(dm? + dmr +r2 —4m - 2r + 1)
—2(4m? —2m — 3r + 3r2 + 8mr + 7.5)

= 7; (1:(cC3,"))
+¥M 24— D(@m* +dmr + 2 —4m —2r + 1)
—2(n—2)(4m? = 2m — 3r + 3r% + 8mr + 7.5)
Since, Z;(Ip(CC%,)) = 160m + 36r — 295 then
Zy(I(CCRY) = 8n?m? + 8mn?r + 2n%r? — 8mn? — 4rn?
+2n? — 8mnr — 4r’n — 4nm + 2rn — 13n — 32m?
—16émr + 200m + 48r — 277.
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Example 2.2.3: The first Zagreb and second Zagreb of
(1, ccryforall neN , where P isa path

between any two cycles ¢, are:

1. Z;(Ip(CCH)) = 112n% — 98n + 22.
2. Zy(I(CCP)) = 128n? — 127n + 35.

cl cz -

FIGURE 1.4. The graph I,(CCZ)

Conclusion
We note from the results that we obtained in the
previous, it is also possible to obtain the same results when
the cycles are odd, but with the condition that two identical
vertices of any cycle are not adjacent. Also can be generalized
to cycles that are not of the same length.
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