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I. INTRODUCTION
The spectrum of an element is without a doubt the most
foundational concept in Banach algebra theory, and it has
generated interest in harmonic analysis for spectral properties
such as the spectral extension property (SEP) (for a
systematic presentation of this property, see [4] and [10]). As
a result, many researchers chose to investigate the SEP's
stability in the product of Banach algebra (B. a.). We refer to
some of them, Dabhi and Patel see [1], [4], [5], [11], and
Dedanin and Kanani see [6], [7], and [8].
Now, assume that each of 2, B and € is B. a. Let h e
Hom(B,A) (where Hom(B,A) is the set of all
homomorphisms from 8B into ) and g € Hom(B, €) such
that |lh]l <1 and |lgll <1. Then the product space
A X B X, € is a B. a. under the following product defined
by Jardo and Mohammed in [9]:
(my, ny,71) (Mo, 1y, 1)
= (mym, + mih(n,) + h(n )m,, nyny, r15 + r1g8(ny)
+ g(ny)7r3)
V(mq,nqy, 7)), (my,n,,75) EAXBXE
with a norm defined as follows:
ltm, 7, )l mxge = llmlla + Il + 117 1le
v(im,n,r) € AX, B Xg C.
This B. a. is called (h, g)-perturbed product of %, B and €.

In this paper, we discuss the stability of SEP of
A Xy, B X, €.
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Under a perturbed triple product defined on three semisimple commutative Banach
algebras with the influence of two homomorphisms defined on two of them and that carry
certain characteristics, we proved that the spectral extension property is stable.

Il. Spectral Extension of

A X, B X, €

Property (SEP)

For our goal, we need the following propositions, and the

proofs of these propositions can be found in [9].

Proposition 2.1 Assume that 2,8 and € are B. as. Let

h € Hom(B,%) and g€ Hom(B,€) with |h||<1 and

llgll < 1. Then,

1. Axy, B X, € is a commutative Banach algebra (c. B. a.) if
and only if &, B and € are c. B. a.s.

2.A X, B X, € is an untial Banach algebra (u. B. a.) if and
only if &, B and € are u. B. a.s.

3. A Xy, B X, € is a semisimple Banach algebra (ss. B. a.) if
and only if 2, B and € are ss. B. a.s.

Proposition 2.2 Assume that 2« and € are c. B. a.s with the

Gel’fand spaces A(U) and A(C) respectively, and let B is a

Banach algebra with the Gel’fand space A(B), let h €

Hom(B,A) and g€ Hom(B,E) such that |h|| <1

and ||g|l < 1. Then the Gel’fand spaces of A Xy B X, € is

denoted by A(2 x;, B X, €) and

A(UA x, B X, €)
={(a,a > h,0):a e A} W{(0,y ° gv):YyEA®)} U
{(0,B,0): B € A(B)}, adisjoint union, where
E:={(oq,a = h,0):a € A} W{(0,y = gYV):y € AC)}
and F := {(0,8,0): B € A(*B)} are clopen in AU x}, B X, €).
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Recall that, a c. B. a. 8B is said to be a commutative extension
of A if the algebra A is a (not necessarily closed) subalgebra
of B [8]. And a c. B. a. ¥ has SEP if rg(x) = ry(x) for
every extension B of A and every x € U (where ry(x) is
the spectral radius of an element x € U )[10].
Lemma 2.3[10] Let A be a c. B. a. Then A has a SEP if and
only if every algebra norm |- | on U satisfies ry(x) < |x|
forall x € .
Now, we discuss the stability of SEP of A xj, B x, €. First
step, assume that | - |y is an algebra norm on 2. Identify
| laxygxge A X B X € = Rby
|(m, n, ’l”)|<z[><h%><g(§,%
= |m +h(n)ly + lInllg + llr + g(n)ll¢
vV (m,n,r) €AX, B X, C.
Then |‘|91xh%xg¢,91 is an algebra norm on A Xxy, B X, €.
Indeed, let (m, n, ), (1, 1, 7) € A X, B X, €. Then
|(m, n, ) (m, 1, 4’;)|thh23xg(:,91
= |(mm + mh(n) + h(n)m ,nn, rv + »r g(n)
+ 87 ) lux, Bxg6u
= |[mm + mh(n) + h(n)m + h(nni)|y + ||nsillg

+lr7 + 7 g(n) + g(n)r +gnn)llg
< |m +h(n)lyl m +h(AD)y + lInlsll7lls

+lr + gmllcll 7 + g(llg

< (m +h()ly + lInlls + llr + gl)lle)

(I +h()ly + |1l + 1| 7 + g()lle)

= |Om, 17, 1) |, Bxgcul (1 7, 7)o, Bx e -
Therefor | - |91xh%xgcs,2l is an algebra norm on A x;, B X, €.
Similarly, if we assume that | - | is an algebra norm on 8.
Identlfy | * |Q1Xh23><g@,58 : 621 Xh 23 Xg G d R by
|(4’7’L, n’/r)lﬂxh%XgG,%

= |lm +h()lly + |nlg + I + g)lle
V(im,nr) €EUX,BX, €
and if we assume that | - | is a norm on €.
Identify | - |91xh%xg<s,<s ¢ AXp B Xy, € - Rby

|(4’7"L, n, ¢)|91Xh%xg6£

= |lm +h()lly + lInlls + 1 + gn)le
vV (m,n,r) € UAX, B X, C.
By similar way of above method we can show that
|'|<uxh%xg¢,% and |'|uxh%xg¢,¢ are also algebra norms on
A Xt B Xg ¢.
Proposition 2.4 Assume that 2,8 and € are c. B. a.s. Let
h € Hom(%B,%) and g€ Hom(B,E) with |h|| <1 and
ligll < 1. If A x;, B X, € has SEP, then each of A, B and €
has SEP.

Proof. Assume that | - | is an algebra norm on 2. Identify
|"lax, Bxge2t U Xn B Xz € = Rby
|(m, n, ’V')|mxhzsxg¢,91
= |m+h(n)ly + llnlls + Il + g(n)lle
vV (m,n,r) € UAX, B X, C.
Since A Xy, B X, € has SEP,

Ty (M) = Yoy gxe (1, 0,0) < |1, 0,00, ¢ 51
= |mly (m €W).
Also, Assume that | - | is an algebra norm on 3. Identify
| laxy 8xge3: A Xp BXg € > Rby
|(m, n, ¢)|91xh58xg(§,23
= [lm + h(n)lly + Inlg + llr + g(n)ll¢
V(im,n,r) € AX, B Xg c.
Since A Xy, B X, € has SEP,
rg (1) = Ty gxgs(—h(n), 1, —g(n))
< |(=h(n), n, —g(n)lux,sx,68 = |1ls.
Finally, assume that | - |¢ is an algebra norm on €. Identify
| lux,8xgee: U Xn B Xg € = Rby
|(m, 7, 7))l x5,
= |lm +h@)lly + llnllg + |1 + gn)le
v (m,n,r) € UAX, B X, C.
Since A Xy, B X, € has SEP,
re(7) = T exge(0,0,7) < 1(0,0, 7)o mxc6 = 7 le
Hence, each of 2, B and € has SEP. m
To prove the opposite of proposition 2.4 under the assumption
of semi simplicity, we need the following lemmas.
Lemma 2.5 Assume that 2,8 and € are c. B. as. Let
h € Hom(3B,%) and g€ Hom(B,€) with |h|| <1 and
llgll < 1. Then,
Tor g€ (710, 72, 77)
= max{ry(m +h(n)),rg(n),rs(r + gn))}
V (m,n,r) € Axy, B Xg C.
Proof. Since each of 2€,B and € is c¢. B. a. Then by
proposition 2.1(1), A x, B X, Cisac. B. a,, therefor

r‘uxh%xgc((m: n, 4’))
= sup{|{((m, n, 4”))|: Ce A(‘ZI Xn B Xg (Z)}
vV (m,n,r) € Axy, B Xg C.
If (m,n,r) € AXxy B X, C, then
r‘uxh%xgc((m: n, 4’))
—supfeCn TR+ )
Pl a e a@),B € A®),y € AG)
= max{r;u(/m +h(/n)),r%(n),r¢(4ﬂ + g(n))}.l
Lemma 2.6 Assume that each of 2%, B and € is B. a. Let
h € Hom(B, A) and g € Hom(%, ©), then
{(-h(n),n,—gn)): n € B} =BasaB.a.
Proof. Define Y: {(—h(n),n, —g(n)) : n € B} - B hy
Y((—h(n),n,—gn))) =n
V (=h(n),n,—g(n)) € {(-h(n),n,—g(n)) : n € B}.
Then,
1. y is well define, Suppose that

(—h(ﬂq)' My, _8(4”4))' (—h(’nz), M3, —g(’nz)) €
{(=h(n),n,—g(n)) : n € B} Such that,
(_h(”’h),’nl: _g(”%)) = (_h(’nz); Ny, _g(’nz))
= h(n,) = h(n,),n, = n, and g(n,) = g(n,)
Since n, = n,, we have
U ((=h(n), 21, —(1))) = b ((~h(n,), 10, —g(12)) )
72
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2. y is one to one, Suppose that

(—h(ﬂq)"nl' _g(ﬂq))' (_h(’nz)’nz' _g(nz)) €
{(-h(n),n,—gn)) : n € B} Such that,
y ((—h(’”q)'np _g(’”q))) =y ((—h(’nz),nz' _g(”z)))
= n,; =n, = h(n,) = h(n,;) and g(n,) = g(n,) (hand g
are well define)

= (—h(’”q)'np _g(ﬂq)) = (—h(””fz),nz, —g(”z))-
3. ¢ is onto, Suppose that n € B, then there exists
(=h(n),n, —g(n)) € {(~h(n),n,—g(n)) : n € B}  such
that llJ((—h(’n),’n, —g(n))) =n.
4. {r is homomorphism, Suppose that

(_h(’nl)"”’p _g(nl))v (_h(’”rz),’nz' _g(nz)) €
{(=h(n),n,—g(n)) : n € B} and o € C Then,

o U ((=h(m), my, —g(n)) + (~h(ny), m5, —g(n)))
= ((=h(n)) = (), 1y + 15, ~g(m,) — (1))
=y ((_h(n1 + 1), 1 + 1y, =gy + ’nz)))
=N, + n,y
= ((~h(ny),m, —g(n)) ) +
U ((~h(n2), 15, —g(n))).

o U ((=h(ry), 1, —g(n))(=h(n), 5, —g(1)))
= ¢ ((~h(n))(~h(1,)) — h(ny)h(n,)

—h(nph(n,), nyn,, (_8(4’11))(_5%(”2))

— g(ny)g(ny) — g(ny)g(ny))

= qj(_h(’nfnz)/nfnz’ _g(”’h’nz)) = NN,

= ¥ ((~h(ny), m0, =g (1)) ) ¥ ((=h(n2), 12, —8 (1))
o ¢ (o(~h(my), 1y, —g(n))) =
¥ ((~hlony), oy, —g(omy))) = ony

=oy ((_h(ﬂq):’nh _g(’”q)))
It follows,  is a bijective algebra homomorphism.
Now, if (—h(n),n,—gn)) € {(-h(n),n,—gn)):n €
B}, then

||1j1 ((—h(n),n, —g(ﬂ)))”% = ||nllg

< ) lly + llnlls + llgt)lle

= |(=h(n), 7, —g(1)) llarx, x4
As a result, §s is continuous. Hence, (s is a Banach algebra
isomorphism according to the open mapping theorem. m
Lemma 2.7 Assume that each of ey, e and eg is the identity
of c. B. a.s U, B and €, respectively, and let h € Hom(B, A)
and g € Hom(®B, €) with ||h|| <1 and ||g|| < 1. If each of
2, B and € has SEP, then A x;, B X, € has SEP.
Proof. By Lemma 2.6 we note that {(—h(n),n,—g(n)) :
n € B} =Basab.a.
Assume that | - |%I><h%xg¢ is a norm on A x;, B X, €. Then
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|m |y = |(m,0,0)| QIXh%Xg@(m eWA) is a norm on U,
|1l = |(=h(n), 7, =g(1)) lax,mxzc (2 € B) is @ norm on
B and || = |(0,0,4~)|Q1thxg@(4~ € ) is a norm on G.
Since ¥, B and € have SEP, then
ry(m) < |mly = [(m,0,0)] ax,sx c(m € W),
rg(n) < |nlg = [(=h(n),n, —g(1n))lux,sxc (1 € B),
and, re(7) < [7|g = 1(0,0,7) |ux,Bx,c(7 € ©).
Let (m,n,7) € AUX, B x, Candletk € N. Then,

(m +h(4fz,),0,0)k = (m,n, /r)k(egl, 0,0),
(~h(n), 2, —g(m))" = (m, n,+)*(~h(es), e, —g(es)),
and (0,0, +g(n))X = (m,n,7)X(0,0,e¢).

Since the spectral radius is a uniform semi norm [4, Lemma

2.26], then

ry((m +h(/n,))2k = ry ((/m +h(/n))2k)
< |om +n(n), 0,0

Ay BxgC
k
= |(m, n,7)? (eq,0,0)

Uy BxgE
k
< 0m, 1, 1) a6l (€31, 0,0) Lo, g6

rp ()2 = rp(n?) < |(~h(n),n, —g(n))"

AxpBxgC

= |om,n, ) ((~hiew) en —glen)| |
. Xh Xg

< |(m,n,)|? lehsgxg(gl(_h(e%)'e%'_g(e%)lﬂlxh%xgﬁl
and rg ((~ + g(/n))2k = 1g ((r + g(fn))Zk)

< |(0,0,/r + g(/n,))2k

A Bx g6
= |(/m,/n,/r")2k(0,0, eg)
U, BxgE
< 2 0,0
< |(m,n,¢) |uxh%xg¢|( 0, €¢) larx, B
Since k €N is arbitrary, hence, ry(m +h(n)) <

| (2, 1, 1) |, Bxger Ts(1) < 1(7, 7,97 |, Bxg6 and

r(g(’l" + g(’n)) < |(mf/n’!/’ﬂ)|QI><hQ3><g(§'
Now, by lemma 2.5, if (m, n,7) € A x;, B X, €, then,
Forxy g€ (710, 72, 77)

= max{rm(m + h(n)), r%(n),r@(fr + g(n))}
Hence, ryx, sx,c(m, 1, 7) < |(m, 1, 7) |y 8¢ and
therefore A x;, B X, € has SEP. m
Lemma 2.8 [4] Let I be a closed ideal of c. B. a. 2. If A has
SEP and mI = {0} (m € U) lead to m = 0, then I has
SEP.
Remember that the unitization of a Banach algebra U is
A, = A x C. Where U, is a Banach algebra with the product

(m + Ay (n + ply)
= mn+pm + I + Aly (m + Ay, n + ply € Up)

and the norm

lm +Alyll; = llmlly + [A] (m + Ay € Ae).
We see that 2 is a closed ideal of U, and 2, is a commutative
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if and only if A is a commutative. For a systematic
presentation of this topic, see [3].

Lemma 2.9 Assume that each of 2,8 and € is c. B. a. Let
h € Hom(%B,%) and g€ Hom(B,E) with |h||<1 and
llgll < 1. Then,

1. If Aand € are non-unitals and B with identity ey, then
W Xp B Xg € = (AXp, BXgCE) asaB. a

2. If ey and e are identities of A and €, respectively, and
B be non-unital, then A Xy, B, X, € = (AX, B X, ), as
aB.a

3. If ey and ey are identities of A and B, respectively, and
€ be non-unital, then A X, B X, €, = (A X, B X, ), as a
B. a.

4. If e and eg are identities of B and € respectively, and
A be non-unital, then A, X}, B Xz € = (A X, B Xz €) as a
B. a.

5. If Aand B are non-unitals and € with identity eg, then
A Xpe Be Xg, €= (AX, B X, C),asaB. a

6. If Band € are non-unitals and 2 with identity ey, then
A Xy, Be Xge Ce = (Ax BX;C).asaB. a.

Where,

he: B, » A defined by he(n + Alg) =hn) +
Aeg (Vo + Alg € B.), go:B. — € defined by g.(n +
Alg) = gn) + Aeg (Vo + Mg €B,), h%:B, - A,
defined by he(n + Alg) =h(n) + My (Vn+ Alg €
B.), and g®: B, — €, defined by g.(n + Alg) =
g(n) + Alg (Vn + Alg € B,),

Proof.

1. Define ¥ : (U X, B Xz €) > AU X, B Xz € by

Y(m,n,7r) + Maxex,c) = (m,n,7) + M1y —

h(eg), ep, 1c — glew)).
\4 (m,fn,/r’) + AlQIXhBXgG € (QI Xh B Xg (S)e

Then W is a bijective algebra homomorphism.
If (m,n,»)+ M?Ixh%xg(i € (U xy B X4 €), then

||‘-IJ ((4%, n,r) + )Llauxh%xg(i) ||91e><h‘«’3><g(5e

= ||(m — Ah(ew)) + Ay, 1 + Aeg, (+ — Ag(eg))

+ M@)”mexh%xgce
< llmlly + [AllIh(ep) llo + [A] + 2]l + [Allleglls + ll7~]l¢

+ [AlllgCes)lls + Al

< llmlly + [Allh]l|leglls + Al + llnllg + [Allleglls
+ ll7lle + [Alllglllleglls + Al

< Sllegllg(lmlly + llnlls + ll7~llc + A
= Slleslls (107,72, ) llaseysxgs + A1)

= Sllealla [|0m, 7 7) + Mayogs |

As a result, W is continuous. Hence, ¥ is a Banach algebra
isomorphism according to the open mapping theorem.
2. Define ¥ : (A xp B Xg €)= Axp, Be Xg, Cby

‘P((m,n,/r) + mehmgg) = (m,n + Ag,r)
V (1, 1,4) + Mo, exge € (U x, B %, Qi)e.
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Then W is a bijective algebra homomorphism.
if (m, 1, 7) + Map,sx,6 € (U x, B %, oz)e. Then,

||‘P ((m, n,r) + 7\191><h23><gc£) |
AXp o BeXge €

=l (m,n + AMg,r) ”leheSBexgeQZ
= |lmlly + llnlls + ll7Ilc + 1Al
= ||(ml n, ¢)||Q[Xh§BXg(§ + |)\|

= ||(’I’}’L,’I’L,4’V) + Almxhgxg(z”l.

As a result, ¥ is continuous. Hence, ¥ is a Banach algebra
isomorphism according to the open mapping theorem.
the proof of other cases by similar way.m
Theorem 2.10 Assume that each of 2,8 and € is ss. c. B. a.
Let h € Hom(B,A) and g € Hom(B, €) with ||h|| <1 and
ligll < 1. If each of A, B and € has SEP, then A Xy, B x, €
has SEP.
Proof.
Case 1. If each of U, B and € is untial, then by lemma 2.7
A Xp, B X € has SEP.
Case 2. If each of U, B and € is non-unital. Since each of
A, B and € has SEP and each of them is ss. ¢. B. a. by a
assumption, then by corollary 3.2 [2], each of %, B, and €,
has SEP.
Now, define h, : B, — A as

he(n + Alg) =h(n) + Ay (n + Alg € B,)
and g, : B, - €, as

go.(n + Alg) = g(n) + Alg(n+ Alg € B,).
Then h, and g, are algebra homomorphisms with ||he|| < 1
and |lg.]l < 1, as stated in theorem 2.30 [4]. Therefore
Ao Xp, Be Xg, € Is a Banach algebra and by lemma 2.7
Ao Xp, Be Xg, € has SEP.
Now, U X}, B X, € isaclosed ideal of A, Xy, Be Xg, C.

Let  (m + Ay n + plg, 7 +1lg) € U Xp, Be Xg, €
such that
(m + My, n + plg, 7 +1lg)(UA X B %, €)
= {(0,0,0)}.

Since each of ¥, B and € is non-unital and each of them is ss.,
we have

(m + Mg, n + plg, 7 +1lg) = (0,0,0).
Hence, by Lemma 2.8, 2 x;, B X, € has SEP.
Case 3. if A and € are non-unitals and B is unital, then
A Xp B X € is unital. By Lemma 2.7, it has SEP. From

lemma 29 (1) U X BXgCe = (Axy, B X, cs)e,
(% xp, B %, €)_has SEP.
Since A x;, B X, € is a closed ideal of (A x, B x4 €)_.
Let (m, 1, 7) + Mo mxge € (A x, B % G)e such that
((m, n,r) + meh%xg@) (A x, B %z €) = (0,0,0).
Then,
(07 727) + M) G2, 7)

= (mm +mhn) +hn)m + rm, nn + I, v+
+ 7 g(n) + gn)r» + A7) = (0,0,0)
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V(m,n,7) € AXy B X, €.
Suppose that A # 0 and taking 7
h(n))nie = s for all s € Aand —>(r + g(n))#
for all # € €. These are not possible as & and € are non-
unitals.

Thus, (mm + mh(A) + h(n)m ,nnd,r+ +» g(n) +
gn)7 )= (0,00) for all (m,7n,7) €AX, B X, C.
Since B is unital and n#n = 0 for all n € B, we get
n = 0. By taking ©n = 0, we get mm = 0 for all
m € Uand »# = 0forall # € G. In particular, m? = 0
and 2 = 0 . This gives ry(m)? = ry(m?) = 0 and
rg(7)? = rg(r?) = 0 . Since each of A and € is
semisimple, m = 0 and # =0. Thus (m,n,r)+
Mo, 86 = (0,0,0). Hence, by lemma 2.8 A x, B X, €
has SEP.

Case 4. If A and € are unitals and B is non-unital, then
A Xp, Be Xg, € is untial. By Lemma 2.7, it has SEP. From
lemma 2.9 (2) UXp, Be Xg, €= (Ax, B X, @)e,
(U x, B xg €)_has SEP.

Since A xy, B X, € is a closed ideal of (A x;, B X, (E)e.

Let (11, 7,7°) + Ao, mx,e € (U Xp B Xg G)e such that

((/m,, n, 4") + AlQIXh%XgG) (QI Xh B Xg (S) = (0,0,0)
Then,

0, we get —%(m +

\

7

((m, ) + mehmg@) (4, 41, )
= (mm + mh(n) + h(n)m + Am, nna + A, r7
+ 7 g(n) + gln)» + 1) = (0,0,0)

V(m,n,7) € AXy B X, €.
Suppose that A # 0. we get —%mfl = for all n € B.
This is not possible as 8B is non-unital. Thus, (mm +
mh(n) + h(n)m , na,r7 +r gn) + gn)r ) =
(0,0,0) for all (m,7,7) € UX, B X, €. Thus, nr = 0
for all 4 € B. In particular, n? = 0. This gives rg(n)?
rg(n?) = 0. Since B is semisimple, n = 0. Thus
(mm + mh(n),0,r7 +rgln)) = (0,00) for all
(m,7,4) € Axy, Bxg €. Thus m(m +h(A)) =0 and
r(# +g(#)) =0, in particular taking A =0 , then
mm = 0 forall m € Aand » = 0 for all » € G,
and Since U and € are unital, we get m = 0 and » = 0.
Thus (m,n,r) + Mo, $x,6c = (0,0,0). Hence, by Lemma
2.8 A Xy B x4 € has SEP.
The other cases can be proved by using the similar arguments
as above, it follows A x, B X, € SEP.m

Conclusion

Assume that 2, B and € are c. B. a.s Let h € Hom(%, 2)
and g € Hom(3B, €) with ||h|| < 1 and ||g|| < 1. Then,
1 If A x;, B X, € has SEP, then each of U, B and € has SEP.

75

2.1f each of U, B and € has SEP and each of them is ss.,
then A x;, B X € has SEP. In another word, the SEP is

stable with respect to the (h,g)-perturbed product
defined on three semisimple commutative Banach.
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