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1. INTRODUCTION 
Ji-Huan He (1998, 1999) published the so-called HPM 

[1-3] six years after Shijun Liao (1992) suggested the earliest 

homotopy analysis method (HAM) in his Ph.D. thesis. The 

HPM, such as the earliest HAM, is constructed Based on a 

homotopy equation 

(   ) [ (   )    ( )]    [ (   )]     
        [   ]         ( ) 

where   ( ) is an initial guess and   is an auxiliary linear 

operator. The concept of homotopy (Hilton, 1953) in 

topology (Sen, 1983) theoretically gives us a lot of leeway in 

selecting the auxiliary linear operator   and the initial guess 

  ( ). The zeroth-order deformation equation is the same of 

Eq. (1). 

The HPM is a semi-analytical method for solving both 

linear and non-linear differential and integral problems. A 

system of linear and non-linear differential equations may 

also be solved using this approach. Artificial parameters [4] 

were used to build this approach [5-8]. Almost every classic 

perturbation approach is predicated on the assumption of a 

small number of parameters. However, the vast majority of 

non-linear problems contain no tiny parameters at all, 

therefore determining small parameters appears to be a unique 

skill needing unique methodologies. Tiny changes in small 

factors might have a big impact on the outcomes. Unsuitable 

tiny parameter selection, on the other hand, has negative 

consequences, which can be severe. 

Consider the general IVPs of first order [9,10] 

        ( )    (   )  ( )              ( ) 

where   is a linear / non-linear function of   and   is a 

function with some discontinuity, whereas    µ analpha arere 

real constants. 

Based on the currently available literature, Al-Hayani and 

Casasús [9,11,12] solved the IVP Eq. (2) with discontinuities 

by the Adomian decomposition method (ADM). Al-Hayani 

and Rasha Fahad [10,13] have been utilized the homotopy 

analysis method (HAM) for the Eq. (2). Ji-Huan He [14] 

utilized the HPM to solve non-linear oscillators. 

The major purpose of this study is to test the HPM for 

solving first-order IVPs with a derivative discontinuous, unit 
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step function and unit impulse function to achieve 

approximate-exact solutions in a variety of circumstances. 

Section 2 gives the fundamental idea of HPM, section 3 

shows HPM Applied to an IVPs for linear and non-linear 

cases, and the conclusions in section 4. 

 

2. The Fundamental Idea of HPM 
Now, we demonstrate the fundamental concept of the 

HPM [1-3,15-18]. For this, we'll use the non-linear 

differential equation below: 

 ( )   ( )                                                                    ( ) 
subject to the boundary conditions 

 (  
  

  
)                                                                          ( ) 

where   denotes a generic differential operator,   denotes a 

boundary operator,   denotes the domain   boundary, and 

 ( ) denotes a known analytic function. The linear   and 

non-linear   components of the operator   can be separated. 

As a result, Eq. (3) may be expressed as follows: 

 ( )   ( )   ( )                                                            ( ) 

In Eq. (5), a fake parameter   can be inserted as follows: 

 ( )   ( ( )   ( ))                                                      ( ) 

where   [   ] is a parameter for embedding (also named as 

an artificial parameter). 

We create a homotopy by employing homotopy approaches 

[1-3,15-18]. 

 (   )   [   ]    to Eq. (5) which satisfies 

 (   )  (   )[ ( )   (  )] 
  [ ( )   ( )   ( )]                                    ( ) 

and 

 (   )   ( )   (  )    (  ) 

  [ ( )   ( )]                                                  ( ) 

Here,    is an initial approximation of Eq. (8) it meets the 

requirements. 

By substituting     and     in Eq. (8), The following 

equations may be obtained, respectively 

 (   )   ( )   (  )     
and 

 (   )   ( )   ( )     
when the value of   changes from 0 to 1,  (   ) changes 

from   ( ) to  ( ). In topology, this is called deformation 

and  ( )   (  ) and  ( )   ( ) are homotopic to each 

other. Because   [   ] is a tiny parameter, we consider Eq. 

(7) solution as a power series in  , as shown below. 

                                                                      ( ) 
The approximation solution of Eq. (3) can then be acquired as 

     
   

                                                        (  ) 

In [1] has given the convergence of the series solution (10). 

 

3. HPM Applied to an IVPs 
Applying the standard HPM as in [1-3], Eq. (2) can be 

written as 

     
   [  

       ( )    (   )]                   (  ) 

We can utilize the embedding parameter   as a tiny parameter 

and suppose that the solution of Eq. (2) can be represented as 

a power series in  , according to the HPM. 

 ( )  ∑     ( )

 

   

                                                                (  ) 

and the non-linear term can be decomposed as 

 ( )  ∑     ( )

 

   

                                                                 (  ) 

for some He’s polynomials   ( ) [18] that are given by 

  (          )  
 

  

  

   
[ (∑    

 

   

)]

   

  

                          (  ) 

Substituting (12) and (13) into Eq. (11) we get 

∑     
 

 

   

   
   [  

    ∑     

 

   

 ∑     ( )

 

   

   (   )]                                             (  ) 

and equating the terms in the same power of  , we have a 

system IVPs of first order 

     
    

      ( )    

     
    

         ( )    (   )      ( )    

     
         ( )      ( )                               (  ) 

     
         ( )      ( )    

     
         ( )      ( )    

  
     

             ( )      ( )            

Solving the system of Eqs. (16), we obtain the iterations 

             . Thus, the approximate solution in a series 

form is given by 

 ( )  ∑   ( )

 

   

  

 

3.1. Linear Case: Let  ( )    and α   . 

Case 3.1.1. If we consider          and  (   ) is a 

continuous function, but non-differentiable, for instance 

 (   )  {
   

 

 
   

 

 

  
 

 
   

 

 

 

From the system (16) the initial iterations are then determined 

in the recursive manner described below: 

         

  ( )  {
          

 

 

       
 

 
    

 

 

 

  ( )  {

  

 
          

 

 

 
  

 
            

 

 
  

 

 

 

  ( )  {
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  ( )

 {

  

 
   

 

 
      

 

 

 
  

 
        

  

 
   

  

 
   

  

 
  

 

 
    

 

 

 

  
and etc., obtaining the rest of the iterations in this manner. 

As a result, the series form of the approximate answer is  

 ( )  ∑   ( )

  

   

 {
  ( )   

 

 

  ( )   
 

 

 

where 

  ( )  
     

         
    

     

       
    

    

      
    

 
    

     
    

    

     
    

   

    
    

   

   
   

  

  
   

 
   

  
   

   

  
   

   

  
   

  

 
            

and 

  ( )   
     

         
    

      

        
    

 
      

       
    

      

       
    

    

    
    

      

     
    

 
      

     
   

     

    
   

      

     
   

      

    
   

 
       

     
   

       

     
   

       

     
   

 
        

      
   

         

       
  

          

         
   

The closed form of this series is as follows:     

      ( )  {
 

 

 
  

  

 
 

 

 
        

 

 
 

 
  

  

 
 

 

 
     

 

 
         

 

 

    (  ) 

is the exact solution of the case 3.1.1. 

 

In Table 1 we compare numerical results produced using the 

HPM (    ), the integral equation of the nth-Eq. for the 

system (16) (IEI), the numerical solution of the nth-Eq. for 

the system (16) using the Simpson rule (SIMPR) and 

trapezoidal rule (TRAPR) with the exact solution (17). We 

used twenty points in the Simpson and trapezoidal rules. 

Table 2 shows the maximum absolute error (MAE), 

‖ ‖  √∫ [      ( )    ( )]   
 

 
  the maximum relative 

error (MRE) and the maximum residual error (MRR) 

obtained by the HPM with the exact solution (17) on [   ]  
Table 3 shows the estimated orders of convergence (EOC) 

for various values of the constant  . 

Fig. 1 gives the exact solution       ( ) with our 

approximation HPM (    ) on      . The 

application of the HPM for    , necessitates order      

approximants if we want to get over the (at   
 

 
) 

discontinuity. 

 

Case 3.1.2. Taking           , and 

 (   )   (   )  {
     

     
 

is the unit step function at    . Following that, from the 

system (16) the first iterations are calculated recursively as 

manner below: 

         

  ( )  {
       

        
 

  ( )  {

  

 
     

 
 

 
             

 

  ( )  {
 

  

 
     

 
 

 
          

 

 
     

 

  ( )  {

  

  
     

 
 

 
   

 

 
   

 

 
   

 

 
  

 

  
     

 

  
and etc, obtaining the rest of the iterations in this manner. 

As a result, the series form of the approximate answer is  

 ( )  ∑   ( )

 

   

 {
  ( )    

  ( )    
 

where 

  ( )   
  

      
 

and 

  ( )  
 

     
   

 

    
   

 

    
   

 

   
   

 

   
   

 
 

   
   

 

   
   

 

    
   

 

    
  

 

     
 

The closed form of this series is as follows:    

      ( )  {
       

                 
                         (  ) 

is the exact solution of the case 3.1.2. 

Table 4 compares numerical results obtained by the HPM 

(   ), the integral equation of the nth-Eq. for the system 

(16) (IEI), the numerical solution of the nth-Eq. for the system 

(16) using the Simpson rule (SIMPR) and trapezoidal rule 

(TRAPR) with the exact solution (18). We used twenty points 

in the Simpson and trapezoidal rules. Table 5 shows the 

maximum absolute error MAE, ‖ ‖   the MRE and the MRR 

obtained by the HPM with the exact solution (18) on the 

interval [   ]  
The EOC are 1.10504 at       and 1.12704 at      . 

In Fig. 2 we represent the exact solution       ( ) with our 

approximation HPM (   ) on      . 

The HPM is applicable until the value     in this case. 

 

Case 3.1.3. Let    ,     and  (   )   (   ) is the 

unit impulse function at    . From the system (16) the first 

iterations are calculated recursively as manner below: 
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  ( )     
  ( )   (   )    

  ( )  (   ) (   )  
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  ) (   )  

 

  
    

  
 and etc, obtaining the rest of the iterations in this manner. 

As a result, the series form of the approximate answer is  

 ( )  ∑   ( )

 

   

  

 (
   

   
 

    

   
  

   

   
   

  

   
   

 

 
   

 

  
  

 
 

   
   

 

    
  ) (   ) 

     
 

  
   

 

  
   

 

  
   

 

  
   

 

  
   

 

  
  

 
 

  
    

The closed form of this series is as follows:     

      ( )   (   )                                               (  ) 

is the exact solution of the case 3.1.3. 

In Table 6 we show the MAE, ‖ ‖   the MRE and the MRR 

obtained by the HPM with the exact solution (19) on [   ]  
The EOC are 1.10504 at       and 1.13506 at      . 

Fig. 3 gives the exact solution       ( ) with our 

approximation HPM (   ) on      . 

The HPM is applicable in this case when       for all 

values of  . 

 

Case 3.1.4. Now we take    ,      and 

 (   )   (  
 

 
)   (   )   (  

 

 
)  

is the unit impulse function at   
 

 
   

 

 
  From the system 

(16) the first iterations are calculated recursively as manner 

below: 

  ( )     

  ( )   (  
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and etc, obtaining the rest of the iterations in this manner. 

As a result, the series form of the approximate answer is  
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The closed form of this series is as follows:     

      ( )   (  
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  (  
 

 
)  

 
 
                                              (  ) 

is the exact solution of the case 3.1.4. 

The EOC for both sides of the discontinuity are given in 

Table 7. 

Figs. 4 and 5 show the exact solution       ( ) as well as 

our HPM (    ) approximation. The approximation HPM 

(    ) is only valid until the second discontinuity, as can 

be seen in Fig. 5. 

 

3.2. Non-Linear Case: Let  ( )     and    . 

The non-linear term    is calculated using He's polynomials 

[18] as follows: 

   ∑       

 

   

                

Case 3.2.1. If we take          and 

 (   )   (   )  {
     

     
 

the unit step function at    . From the system (16) the first 

iterations are calculated recursively as manner below: 

  ( )     
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and etc., obtaining the rest of the iterations in this manner. 

As a result, the series form of the approximate answer is  

 ( )  ∑   ( )
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Fig. 6 depicts the numeric solution   ( ) with a very tiny 

error as well as our HPM approximation (    ) for 

     . 

The HPM is applicable in this case for all values of µ when 

     . 

 

Case 3.2.2. Taking          and  (   )   (  
 

 
)  the 

unit impulse function at   
 

 
  From the system (16) the first 

iterations are calculated recursively as manner below: 
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and etc., obtaining the rest of the iterations in this manner. 

As a result, the series form of the approximate answer is  

 ( )  ∑   ( )
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In Fig. 7 we show our approximations by HPM (    ) and 

HPM (    ) on      . 

The HPM is applicable in this case when       for all 

values of  . 

 

Case 3.2.3. Lastly, we take    ,      and 

 (   )   (  
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is the unit impulse function at   
 

 
 
 

 
  From the system (16) 

the first iterations are calculated recursively as manner below: 
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and etc., obtaining the rest of the iterations in this manner. 

As a result, the series form of the approximate answer is  
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Fig. 8 represents our approximations by HPM (    ) and 

HPM (    ) for        . 

 

 

Table 1. Numerically results of the case 3.1.1 

        ( ) HPM IEI SIMPR TRAPR 

0.0 1.000000000 1.000000000 1.000000000 1.000000000 1.000000000 

0.1 1.038469959 1.038469959 1.038469959 1.038469959 1.038469959 

0.2 0.981837156 0.981837156 0.981837156 0.981837156 0.981837156 

0.3 0.861455064 0.861455064 0.861455064 0.861455064 0.861455064 

0.4 0.698340546 0.698340548 0.698340548 0.698340548 0.698340548 

0.5 0.506581627 0.506581654 0.506581655 0.          0.506581655 

0.6 0.383521848 0.383522158 0.383522173 0.383522173 0.383522173 

0.7 0.383452400 0.383454722 0.383454859 0.383454859 0.383454864 

0.8 0.465825836 0.465838661 0.465839564 0.465839564 0.465839598 

0.9 0.603462390 0.603517986 0.603522609 0.603522609 0.603522773 

1.0 0.778142920 0.778339367 0.778358613 0.778358613 0778359252 

 

Table 2. MAE, ‖ ‖ , MRE and MRR of the case 3.1.1 

  MAE ‖ ‖  MRE MRR 

8 4.0047E-02 6.8841E-03 5.1465E-02 7.8095E-01 

9 4.1173E-03 1.7059E-03 7.5656E-03 1.7354E-01 

10 3.8490E-03 1.4102E-03 5.4421E-03 2.8138E-2 

11 2.9400E-03 7.8419E-04 3.7783E-03 2.6525E-02 

12 1.4487E-03 3.3660E-04 1.8618E-03 1.7555E-02 

13 5.7357E-04 1.2251E-04 7.3710E-04 8.0893E-03 

14 1.9644E-04 3.9440E-05 2.5245E-04 3.0800E-03 

15 6.0179E-05 1.14910E-4 7.7337E-05 1.0265E-03 
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Table 3. EOC of the case 3.1.1 

              

1 1.04447 1.05406 

2 1.07048 1.05309 

3 1.14818 1.22488 

 

Table 4. Numerically results of the case 3.1.2 

        ( ) HPM IEI SIMPR TRAPR 

0.0 1.000000000 1.000000000 1.000000000 1.000000000 1.000000000 

0.2 0.818730753 0.818730753 0.818730753 0.818730753 0.818730753 

0.4 0.670320046 0.670320046 0.670320046 0.670320046 0.670320046 

0.6 0.548811636 0.548811634 0.548811634 0.548811634 0.548811634 

0.8 0.449328964 0.449328936 0.449328934 0.449328934 0.449328934 

1.0 0.367879441 0.367879188 0.367879163 0.367879163 0.367879163 

1.2 2.113886681 2.113885143 2.113884957 2.113884957 2.113884953 

1.4 3.543396503 3.543389440 3.543388426 3.543388426 3.543388402 

1.6 4.713780157 4.713753757 4.713749351 4.713749351 4.713749250 

1.8 5.672009247 5.671925111 5.671909032 5.671909032 5.671908667 

2.0 6.456540871 6.456305114 6.456254058 6.456254058 6.456252908 

 

Table 5. MAE, ‖ ‖ , MRE and MRR of the case 3.1.2 

  MAE ‖ ‖  MRE MRR 

4 1.7151E-01 1.2827E-01 9.3906E-02 3.5622E-01 

5 1.2679E-01 6.6716E-02 1.9637E-02 2.7074E-01 

6 5.6540E-02 8.7571E-02 8.7571E-03 1.8333E-01 

7 1.8459E-02 7.0568E-03 2.8589E-03 7.4999E-02 

8 4.9535E-03 1.7437E-03 7.6721E-04 2.3412E-02 

9 1.1476E-03 3.7838E-04 1.7774E-04 6.1011E-03 

 

Table 6. MAE, ‖ ‖ , MRE and MRR of the case 3.1.3 

  MAE ‖ ‖  MRE MRR 

4 3.3654E-01 1.7947E-01 6.6879E-01 8.3333E-01 

5 1.6345E-01 7.5229E-02 3.2481E-01 5.0000E-01 

6 6.1548E-02 2.5328E-02 1.2230E-01 2.2499E-01 

7 7.1587E-03 7.1587E-03 3.7772E-02 8.0555E-02 

8 5.0004E-03 1.7508E-03 9.9369E-03 2.4007E-02 

9 1.1503E-03 3.7860E-04 2.2860E-03 6.1507E-03 

 

Table 7. EOC of the case 3.1.4 

                                    

1.04182 1.05990 1.08885 1.07732 1.07485 1.03233 
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Fig. 1. Continuous line:      ( )                  Fig. 2. Continuous line:       ( )                

 

    
Fig. 3. Continuous line:       ( )                  Fig. 4. Continuous line:       ( )                  
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Fig. 5. Continuous line:       ( )               Fig. 6. Continuous line:   ( )                     

 

    
Fig. 7. Continuous line:     (    )           (    ) Fig. 8. Continuous line:     (    )           (    ) 

 

4. Conclusions 
In this paper, the HPM was effectively used to solve 

first-order initial value problems with discontinuities. The 

size of the jump (given by µ), which performs equally well 

on both sides of the discontinuity, has no effect on the 

method's convergence. The HPM for     does not 

converge in these initial value problems even for small 

values of the parameter, such as         In the non-linear 

cases with large values of µ, sometimes a computation with 

more digits is required in order to avoid unstable 

oscillations. The approximate solution obtained by HPM is 

compatible with analytical approximation approaches in the 

literature, such as Adomian decomposition method. The 

HPM has been confirmed by applying it to a linear situation 

to yield approximation exact results. The method's 

dependability is demonstrated by the outcomes obtained in 

all scenarios. 
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 انًهخص
( HPM)طزَقح هىيىذىتٍ انًضطزتح فٍ هذا انعًم ذى اسرخذاو 

يع أَىاع يخرهفح يٍ عذو  نحم يسائم انقُى الأونُح يٍ انزذثح الاونً

الاسرًزارَح. ذًد يقارَح انُرائج انعذدَح انرٍ ذى انحصىل عهُها تاسرخذاو 

يع انحم   انرقهُذَح ، وانًعادنح انركايهُح نهًعادنح طزَقح هىيىذىتٍ انًضطزتح 

انعذدٌ انذٌ ذى انحصىل عهُه تاسرخذاو قاعذذٍ سًثسىٌ وشثه انًُحزف 

انقصىي قًُح انُقح نهغاَح عُذ يقارَرها يع انحم انذقُق. لإثثاخ أٌ َرائج انحم دق

قًُح انخطأ انُسثٍ ، انقصىي نهقًُح ان،  2خطأ انًطهق ، انًعُار يٍ انزذثح نه

 .خطأ انًرثقٍ وَرى أَضًا ذىفُز ذزذُة انرقارب انًرىقعانقصىي نه

 

، يرعذداخ حذود هٍ، طزَقح هىيىذىتٍ انًضطزتح :انًفتاحية انكهًات

دانح انُثضح ، (دانح هُفُساَذ انذرجُح) انخطىج الأحادَح دانح انقُى الأونُح،يسائم 

 اعذج سًثسىٌ، قاعذج شثه انًُحزف.ق، )دانح دَزاك( الأحادَح
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