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In this paper three-dimensional heat conduction equation in cartesian coordinate has been
solved in two different methods one of which depends on the separation of variables and the
other depends on the integral transform .The results are got and plotted by using Matlab. And

the results obtained showed the difference between the two methods that were used in the
solution . That difference is evident in the illustrations . According to the results it was
concluded that the integral transform method is the best because it has fewer steps to reached to

the solution .
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I. INTRODUCTION

Heat transfer problem has big importance in many problems
of environmental and industrial. Beforehand , in output
energy and transformation applications [6]. The Heat transfer
by conduction is mainly concerned with determining the
temperature distribution inside the solids [3]. The problems of
conduction heat transfer are faced in several engineering
applications like the following : Design , Nuclear Reactor
Core , Glaciology , Re-entry Shield , Cryosurgery , Rocket
Nozzle , Casting , Food Processing [2]. Generally , a heat
conduction equation is solved in many cases such as :
Quadruple Laplace transform used by Hamood Ur Rehman,

Muzammal Iftikhar, Shoaib Saleem, Muhammad Younis and
Abdul Mueed to solve heat equation in cartesian coordinate
[1].Separation of Variables used to solve conduction heat
equation in cartesian coordinate [5] .Xiao-Jun Yang used a
new integral transform operator to solve one dimensional
heat-diffusion equation in Cartesian coordinate [7].Ranjit R.
Dhunde and G.L.Waghmare used double Laplace transform
to solve one dimensional heat equation [4]. Xiao-Jun Yang
used a new integral transforms to solve a steady heat transfer
problem [8].The aim of this paper is use quadruple Laplace
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transform method and separation of variables method to solve
three dimensional heat conduction equation in cartesian
coordinate and compare the solution that will be reached in
each method and determine the best method .

I1. The model and mathematical methods to

solve conduction heat equation:
The model is consist of the following equation with initial and
boundary conditions[2]:
(& ) ar _ o't o1

k /ot ox2  9y?
p : density of fluid
¢, - fluid specific heat
k : thermal conductivity of fluid
with boundary and initial conditions:
T(0,y,zt) =0,T(a,y,zt) =c1,T(x0,zt) =0
,T(x,b,z,t) =c2,T(x,y,0,t) =0,
T(x,y,c,t) =c3,T(x,y,20) = xyz
0<x<a,05y<b,0<5z<¢c,t=20,

cl,c2,c3 = constants

We will use the following methods to solve equation(1) :
(a) Using separation of variables [5]:
The basic idea of the method of separation of variables is

a%T
9z2
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separate the solution T (x,y, z, t) into two functions which is
¢(x,y,z) and f(t). And ¢(x,y,z) also separate into
X(x),Y(y)and Z(z). Each of X(x),Y(y) ,Z(z)and f(t) has
equation we will solve it and finally substitution all solution
in T(x,y,zt)=¢(xy,2).f(t) which is solution of
equation (1) .
Now applying separation of variables to equation(1) :
T(x,y,2,t) = ¢p(x,y,2). f(t) .. .. (2)
Substitution (2) in (1) we get :

Py o o (B0, 0% 0%
( k )‘N _<6x2 t oy T oz f
Divide both sides by f :

pepy S 0%¢ 9°¢ 9%°¢\1
() = (555585

y z? ) ¢

By equal the above equation to —A2 :

<C o 4

After simplify we get :

X'"+u’X=0, 0<x<a,X(0)=0,X(a)
=cl ... (5

Y'+v?Yy =0, 0<y<bh,Y(0)=0,Y(bh)
=c2 ... (6)

Z"+w?Z=0, 0<z<c¢,Z(0)=0,Z(c)
=c3 ... @)

and 22 =pu?2+v2+w? , uv,w:constants

The solution of (3),(5),(6) and (7) are :

(—Azkt)
f®)=e P
¥ _ cl
() = sin(ua)

c2
sin(vb)

c3
sin(cw)
Substitution above solutions in (2) we get :
T(x,y,2,t)

sin(ux)

Y(y) = sin(vy)

Z(z) =

sin(wz)

-2kt
sin(wz).e P

c2 c3
sin(vy) .

C .
- sin(ua) sin(ux) sin(vh)

And we find that :
mmc4d

sin(cw)

u= m=12,.. ,0<c4<?2

nnc4

b
qmcé

v= n=12,... ,0<c4<?2

w = ,q=12,.. ,05c¢4<2

c
Cy: constant
Then the final solution is :

T( 0 = cl . (mnc4 ) y
Y92t = [sin(mnc4) e U |
[

c2 sin (nnc4- ) ] %
sin(nmc4) b y
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—Angkt

c3 . [qrch (
[—= sm( Z)].e PCp
sin(qmc4) c
) mmcd\? nmcdy? qred\?
oo = () +(57) +(55)
a b c
m=12,.. ,n=12,.. ,q=12,..
0<c4<2
Which is solution of equation (1) .
(b) Using Quadruple Laplace transform [1]:
Quadruple Laplace transform is defined as :
nyzt[f(x' Y,z t)]

= (x,y,z,t)e PXe We 2™t dx dy dz dt
y y
0000

p,q,7,S : parameters
By take L, . to both sides of equation(1) :

pCp oT 0%T o%T o%T
( T ) nyzt [ E] = nyzt [W] + nyzt [a_yz] + nyzt [ﬁ]
We get :
P?Loyze T(,¥,2,t) = Ly T(0,y,2,t)

a
- al‘yzt T(O' V. Z, t) + qZnyzt T(x' Y, Z, t)

0
—q Ly T(x,0,2,t) — @Lm T(x,0,z1t)

+ 7% Lyt T(X,Y,2,t) = 7 Ly T(x,9,0,1)

a
— &nyt T(x,y,0,t)
pc

= (Tp) [S Lyyze T(x,y,2,t)

- nyz T(x' Y, Z, 0)]
Applying initial and boundary condition to above equation we
get:
2 2 2 _ -wl _ PG
[P* +q° +71° = wls] Ly, T(x,y,2t) = ek

Then :
—wl

[p?2+q%+r2—wls]p?q?r?

Lyyat T(x,y,2,t) =

By taking Ly,
—wl.s?

[p?2 + g% +1r? —wls]

Which is also solution of equation (1) .

I11. Results and Data:

By using Matlab we get the following illustrations which
explain the solution of equation (1) :

T(x,y,2,t) = xyzt.
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Tyzt) =110, y=1:10 , z=1 ,t=0

Tiey,zt) , x=1:10 , y=1:10 , z=10 , t=1

(1-1) Figure shows distribution of temperature by using Separation of
Variables method for T(x,y,zt),x=1:10,y=1:10,z=1,t=0.

(1-2) Figure shows distribution of temperature by using Separation of
Variables method for T(x,y,zt),x=1:10,y=1:10,z=10,t=0.

Teeyz ), x=1:10 , y=1:10 , z=1 , t=1

(1-3) Figure shows distribution of temperature by using Quadruple Laplace
transform method for T(x,y,z,t), x=1:10,y=1:10,z=1,t=1.

13

(1-4) Figure shows distribution of temperature by using Quadruple Laplace
transform method for T(x,y,zt),x=1:10,y=1:10, z=10, t=1 .

I111. Conclusions:
From the illustrations we note the following conclusions :
1- The difference in the solution methodology for the
separation of variables method and for the quadruple Laplace
transform method leads to a difference in the result of the
solution, as shown in the illustrations (1-1),(1-2),(1-3)and(1-
4).
2- We note that the temperature distribution in the method of
separating the variables is in the form of a dome , also we
notice an increase in temperatures as the value of z increases
in the same method as shown in the illustrations(1-1)and(1-2) .
3- We note that the temperature distribution in the quadruple
Laplace transform method is in an inclined plane , as we
notice an increase in temperatures as the value of z increases
in the same method as shown in the illustrations(1-3)and(1-4) .
4- We note that quadruple Laplace transform method is better
because it reached to the solution by fewer steps compared
with separation the variables method .
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