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In this paper we use the separation of variables method and L, transform method to solve
three-dimensional conduction heat equation in cylindrical coordinate and results plotted by
using Matlab. It was concluded that L,,. transform method is better than the method of

separating the variables because it is a method that reaches the solution with fewer steps .

Keywords:

3D Conduction heat equation, Separation of variables, L,,. transform, Cylindrical coordinate .

Correspondence:
Author Ahmed Mohammed Juma'a
Email:ahmed.m.j.jassim@uomosul.edu.iq

I. INTRODUCTION

The problem of heat transfer is crucial in many environmental
and industrial matters. Beforehand, in output energy and
transformation applications [5].The main goal of heat transfer
by conduction is to determine the temperature distribution
inside solids [4].Conduction heat transfer problems appear in
a variety of engineering applications, including the following:
Design, Glaciology, Re-entry Shield, Cryosurgery, Rocket
Nozzle, Casting, Food Processing [3].In a general, a heat
conduction equation has been solved, as the following :

Finite Hankel transform used by V. S. Kulkarni, K. C.
Deshmukh and P. H.Munjankar to solve steady state
temperature of the cylinder satisfies the heat conduction
equation(r,z,t coordinate) [6]. The solution of steady state
heat equation(r,0,t coordinate) was found by using Mellin
transform [2]. Also the solution of one dimension heat
equation in cylindrical coordinate got by Laplace Transform
[4].Ahmed S.Jalal , Ahmed M.J.Jassim used L,,. transform
method to solve three dimensional conduction heat equation
in cylindrical coordinate [1] .Also separation of variables
method used to solve three dimensional conduction heat
equation in cylindrical coordinate [4]. We will solve
conduction heat equation in cylindrical coordinate by Ly,
transform method and separation of variables method and We
will compare between these two methods .

I1. The model and mathematical methods to

solve conduction heat equation
Consider conduction heat equation in cylindrical coordinate

[4]:

pcp)aT 19 ( aT) 1 92T | 9T
— ) ==—-=\r =)+ =+ (1
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p : density of fluid

¢, : fluid specific heat

k : thermal conductivity of fluid
r : radius

0 : angle

z : cylinder length

With boundary and initial conditions:
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T
T(a,0,z,t) =0,T(r,0,z,t) =0 ,T(r,E,z,t)

= Tl IT(rI e! 0’ t) = O! T(r’ e! bl t)
=0,T(r,6,20) =T,

s
0<r5a,0Ssz,0S6S§,t20,
T, , T, = constants
We will use the following methods to solve (1) :
(i) Separation of variables method [4]:

By using separation of variables :

T(r,0,zt) = ¢(r,0,z). f(t) - (2)
Substitution (2) in (1) we get :

PCp () Py
( ) ¢f = (r or\ or r2 067 * 0z2
Divide both sides by f :

pcpy f' 1 a0/ 0¢ 10%¢p 0%¢\1
() = (10 ) 2t 525

k f ror\ or) r290%  0z%)¢
By equal the above equation to negative term —A2 :
f’+lzkf—0 t=0 3)

oo ,t =
10/ d¢ 10%p 0%¢ 5
_a_(rﬁ>+r_2w+azz__l¢ ,0<r=<a,0
< _%, 0<z<bh (4

Assume that:
¢(r,0,z) = R(r) Q(0) Z(2)
Substitution value of ¢(r, 8, z) in (4) we get :

(T'R,), le

= —)2
TR r2Q  z
Now let that :
M—_ 2 Q_”__ 2 Z_”__ 2
TR - E ’ Q - u 4 - v '
—B?,—p?, —v? : negative terms

After simplify we get :

132

2
—TR+BZTR=0,

0<r<a,R(a)=0

(r R
. (5
Which is Bessel's equation .

Q" +u12Q=0,

T T
05955,0(0)=0,Q(5)
T, . (6)

Z"+v2Z=0,0<z<b,Z(0)=0,Z(b) =0

(7

The solution of (3),(5),(6) and (7) are :

-2kt
f@) =P
R(r) =], (% 7‘) s Jmn: nth zero of J,(Br),

m=0,1,.. , n=12,..

Ju(Br): Bessel function of order u of the first kind .

T
=— 1 2 =12,..
Q(8) sin(me.n )sm( me; ) ,m 2, ,
0<c £2
_nm B
Z(z) =sm(7 Z) , n=12,

2 — 3,2 2
Amn_vn+ﬂmn

Substitution above solutions in (2) we get :

T(r,0,z1t)
T. nm A2kt
mn 1 . .
—]#< ) msm(qu 6).sin (7 z).e PCp
form=12,.. n=12,.. , O<c 52,

/1,211,1 = szl + .812nn
Which is solution of equation (1) .
(i) Ly transform method [1]:

Lo, transform method is defined by :

/2

Lyc(f(r,0,2,1)) = ff!

e (PPeos?0tq’sin®0) o222 £ (1. 9 7 ¢) rdr dO dz dt

f (r*sind cosO z t)
0

p,q,v, s are parameters
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By take L,,. to equation (1) :

pCy oT 10, 0T 1 92T
(52 ) Lase [ 5] = Lo |13 (r 5)] + Lo |2 5

0°T
+ L24-c ﬁ
We get :
Laac[4r2((p?cos?0 + g%sin?6)? T)]
— Lg4c[8(p?cos?6 + q sinze) T]
—Ly4c[6(p?cos?0 + q*sin?0) T] + Loy [6( ) ]
+ Lysc[2(p?cos?0 + q?sin?0) T]
2
L24C[<r ) T] + Lysc[(4sin?6 cos?6(p? — q*)?) T]
— Losc[6(p? — q*)sin®0 T]

+Ly4c[6(p? — q2)cos?0 T] +< 2 )( 1 )(%)T(g

~ Lo ()

7]
Loyc [417 T] L24c[2172 T]
= Ly [25 )t 7]

~Laael(; )( % 7]

+Lo4.[42%v* T] —

After simplicity and applying |n|t|al and boundary condition

we get :

1
Losc [Zrz(?) ((p?cos?8 + g2sin?0)? T)]

4
— Laac [(F) (p?cos?8 + g?sin?0) T]

)

[/ 3 3 1
—Losc <F> (p?cos?0 + g°sin?0) T] + Logc [<F> <—) T]

r2

= 2 2 2 cin? 1 1
»(?) (p?cos?8 + q?sin?0) T] —Lyae [(F) (_

+L24c TZ

+Losc p—lz) (25in?0 cos?0(p? — q?)?) T]
— Lagc [(%) (p? — q*)sin®0 T]
(2o o] o215
+ Loy [(12) z*v* T]
. p
v 7]
— Louc [(iz) v? T] —Loa [52 (p_lzp

+L24c

—L4c
1
)GeT|

7(3)

)7]

s (B (-

Take L3}, to the above equation:

(252)(2v%)(2¢%)(2p?)

[Zrz(z%) ((p*cos®8 + q*sin®6)? T)]
- [(%) (p?cos?0 + q?sin?6) T]
[@wwssrawor]s 2L
[(—) (pcos?0 + g?sin?0) 7| - [( ) (rz) 7]

[( ) (25in0 cos20(p? — q7)?) T]

- [(?) ¥ - q)sin?0 7]

#[(G2) @ - aeosto ] - [(23) () 7]+ [(G) #2007
-l r-F ]

_ T(=
() (zipz) (7| =53k (2s2)(2v2)((22)q2)(2p2)

The above equation reduce to:

T[(—)(p cos?0 +q sm29)——
51n26c0529(p q?)* + > (P — q*)cos26 +§Z vt —
2 pPCp pPCp 1 _
S 2 (22) 04 (8 1 -
()

~Lasc ((ZsZ)(ZvZ)(ZqZXZzaZ))

(p%cos?0 + q%sin?0) +

And finally we get :
2
T =T(r0,z¢t) = —T1/[(2pL2)(p260529 +
qzsinZG)—% (p?cos?8 + q%sin?0) + isinz@cosze(p2 -
3 pc
4 + = (2 3wt -5 (52) e +
& 1
( k )szt]

q*)cos20 + :—Zzzv

Which is also solution of equation (1) .

I11. Results
By using Matlab we get the following illustrations which
explain the solution of equation (1) :
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Tirtheta,z t) , =1:10 , theta=9 degree , z=1:10 , t=0

(1-1) Figure shows distribution of temperature by using
Separation of Variables method for T(r, 8,z,t) , r=1:10, 8 =
9°,2z=1:10,t=0.

T(rtheta,z,t) , =1:10 , theta=45 degree , z=1:10 , t=0

20

(1-2) Figure shows distribution of temperature by using
Separation of Variables method for T(r, 8,z,t) , r=1:10, 8 =
45° ,7=1:10,t=0.
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(1-3) Figure shows distribution of temperature by using
Separation of Variables method for T(r, 6,z,t) , r=1:10 , 6 =
90°,z=1:10,t=0.

0.018+....
0.0175..
801z ,‘ :
0.0165.) .
0.0164.....

0.0155.)..

00154 ...
10

(1-4) Figure shows distribution of temperature by using L,,.
transform method for T(r, 6,z,t) , r=1:10 , 6 = 9° , z=1:10 ,
t=0.01.
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0.0165

0.0164......-:

00155 . .oovmeens

(1-5) Figure shows distribution of temperature by using L4
transform method for T(r, 8,z,t) , r=1:10 , 6 = 45° , z=1:10 ,
t=0.01.

T(rtheta,z t) , =1:10 , theta = 90 degree , z=1:10 , t=0.01

0.0154 ...

00153 ...
0os3 T
00153 o

00152 ...+

(1-6) Figure shows distribution of temperature by L.,
transform method for T(r, 8,z,t) , r=1:10, 6 = 90° , z=1:10 ,
t=0.01.

1111. CONCLUSION

From the illustrations we note the following conclusions :

1- The difference in the solution methodology for the
Separation of Variables method and for the leads to a
difference in the result of the solution, as shown in the
illustrations .

2- We note from figures (1-1),(1-2),(1-3) that the temperature
distribution in method of separating the variables is in the
form of a dome , as we notice an increase in temperatures as
the value of 6 increases in the same method .
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3- We note from figures (1-4),(1-5),(1-6) that the temperature
distribution in L,,. transform method is in an inclined plane ,
as we notice an decrease in temperatures as the value of 6
increases in the same method .

4- We note that L,,. transform method reached to solution by
fewer steps compared with separating the variables method .
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