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ABSTRACT

In this paper we study the statistical properties of one of a non-linear
autoregressive model with hyperbolic triangle function(polynomial with hyperbolic
cosine function)by using the local linearization approximation method to find the
stability of the model (singular point and its stability conditions and the stability of
limit cycle).Where we started by the model of lower order (first and second and third
order) and generalized the idea, and we tried to apply these theory results by using some
of examples to explain one of important truth that says (if the model has unstable
singular point, then it, maybe, has a stable limit cycle).

Keywords: Non-linear time series model; Non-linear random vibration; Autoregressive
model; Limit cycle; Singular point; Stability.

(i alail) con N3 o dgand) dieia) LY il 13N i) g d pad il i) o

s aller Gl aula il 2
LucaleaY) Luyill LIS Slaallly Clsalsl) aple S
emgall dasls e gall dnals
uadlal)

saxie) By Adibie Jls Sl e SN jlaady) 23l Y Lilan) cliall Aufs Gl 13 b &
(local linearization — ddsall dhall cujll dinh Hladiabls (Rahll ol cuadl Ay seas
B9 by ahiin) hgydy syial ahill) ~isall il 2lady approximation method)
) b ol Wlglag. 5SAl) Liaac oGy sl Jo¥) Aol Cpa)lin i w3gaills Uy Cus (Ll
e Bajiie Ak elliay 7 3gaill IS 1) s ) degal) (3lial) (an] piia il ARY) (ans pladials ki)
(B dilgs )50 clliay Loy 4ild Byfiune

553 Sl JlasiV) zaga ¢ el e Jlede il ¢ dadad e Ay dlade zisad 1 dalitd) il
il 3)dall ddads aal)

81



Abdul Ghafoor Jasim Salim & Anas Salim Youns Abdullah

1. Introduction

In the field of discrete time non-linear time series modeling, there are many
different types of a non-linear models which are considered by the researchers such as
bilinear model (Priestley (1978), Rao (1977)) exponential autoregressive model (Ozaki
and Oda (1977) )[5] and threshold model ( Tong (1990) )[8].

In (1985) Ozaki proposed the method of local linearization approximation to find
the stability of a non-linear exponential autoregressive models[7].

In (1986) Tsay R.S. studied the stability of non-linear time series[9]. In (1988)
Priestley M.B. studied the non-stability and non-linear time series[9]. In (1990) Tong H.
studied the dynamical system with stability of non-linear time series[8].

In this paper, we study the statistical properties of one of a non-linear
autoregressive model with hyperbolic triangle function(polynomial with hyperbolic
cosine function)by using the local linearization approximation method to find the
stability of the model (singular point and its stability conditions and the stability of
limit cycle) and we give some examples to explain this method.

2.Basic Concepts of Time Series

Definition 2.1: A difference equation of order n over the set of k-values 0, 1, 2, ... is an
equation of the form F(K,y,, Y, 45 Ye ) =0,

Where F is a given function, n is some positive integer,and k=0, 1, 2, ...... ., [4].
Definition 2.2: A time series is a set of observations measured sequentially through
time. These measurements may be made continuously through time or be taken at a
discrete set of time points. Then, a time series is a sequence of random variables defined

on probability space multi variables refer by index (t) that back to index set T , and we
refer to time series by {x(t);—o<t<oo,teT}if t takes continuous values, or

{x,;t=0,£1,12,.....} if t takes a discrete values [3].

Definition 2.3: A time series{Xx, } represents a linear autoregressive model if it satisfies
the following difference equation: x, +a,X, ; +a,X, , +..+a,X_, =Z,
Where {Z,} is a white noise and a,,a,,......... ,a, are real constants [2].

Definition 2.4: The exponential autoregressive model of order p, EXPAR(P) is defined

by the following equation
p

X, = Z(¢j +7zje‘x‘2*1 )xt_j +Z,

j=1
Where {Z,} is a white noise and @ ,......., #,; 7, yevenvs , 7 ,are the parameters of the
model [5].
Definition 2.5: The bilinear model of order (p,q,m,s) satisfies the equation
p q m s
X, =C +Z¢ixt—i _Zejzt—j + Zzﬂij VAN A
i=1 j=1 i=1 j=1
Where p, g, m and s are nonnegative, and{Z, }is a sequence of independent

identically distributed random variables and
Dy s P Oy , Hq;[a’ij;Vi =1...m,Vj =1,.....s are the parameters of the model [6].
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Definition 2.6: A singular point of x, = f(xt_l,xt_z, ...... , xt_p) is defined as a point ¢
which every trajectory of x, = f(xt_l,xt_z, ...... , xt_p) beginning sufficiently close to it

approaches either for t —» o0 or for t —» —oo. If it approaches it for t — o we call it
stable singular point and if it approaches it for t — —oo we call it unstable singular
point.

Obviously, a singular point ¢ satisfies ¢ = f(¢) [5].

Definition 2.7: A limit cycle of x, = f(xt_l,xt_z, ...... : xt_p) is defined as an isolated
closed trajectory X, X, X.q» Where ¢ is a positive integer. Isolated means that
every trajectory beginning sufficiently near the limit cycle approaches either for t — «
or for t —> —oo. If it approaches it for t — o we call it stable limit cycle and if it
approaches it for t — —oo we call it unstable limit cycle [5].

Theorem 1:
Let {xt } be expressed by the exponential autoregressive model

X = (¢1 +me )Xt—l +Z,
A limit cycle of period g, X,;, X5 Xi,q OF the model is orbitally stable if

é/t+q

t

<1 . proof (see [5]).

The proposed model A non-linear autoregressive model (polynomial with hyperbolic

P .
cosine function) of order p is defined by X, = Z[¢5i cosh(x,,)I'x.; +Z,,

i=1
Where {Z,} is a white noise process and ¢,,......, ¢ are the parameters(real
constants) of the model(the proposed model).

3.The Stability of the Proposed Model

In this section, we shall study the stability of a non-linear autoregressive model
with hyperbolic cosine function with low order such that p=1,2,3 and, then we
generalized this idea to the general model of order p by using the local linear
approximation method that consists of the following three steps:

Step(1):find the singular point of the model.

Step(2):study the stability condition of the singular point.

Step(3):find the stability condition of a limit cycle if it exists .

3.1 Singular Point
Consider the following model

p _
X = D L COSNX )T X +Zy e 1)
i=1
Let p=1, then we have
Xe =[P COSN X, 11X g 2, e (2)

Suppose that the white noise is not an effect (Z,be minimum, i.e. Z, =0 ) to get a
deterministic model which has a limit cycle, and by using ¢ = () we get the singular

point £ as: ¢ =[¢, cosh()]S

or
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‘= cosh-l(%),qﬁl <1,(¢ #0).(4, #0)

eé _e7‘§
D e
Then thenon — zerosin gular pointis givenby :

= In{3 (0% 1- ¢/ )}
Therefore, the non-zero singular point exists if {;- AF1-¢2)}>0 . Letp=2,

we have
X, = [, cosh X, 1%, ; +[#2 COSNZ X, [ TX, 5 +Z, +eeeeeiaeeeiii e (4)

Suppose that Z, =0, and ¢ = (<) , we get

¢ =4, cosh(£)1¢ +[¢7 cosh?({)]¢

Since ¢ # 0, then we divide on it to get [¢, cosh(£)]+[¢? cosh?(£)]-1=0
cosh ¢ = (LA W)

orequivalently,sin ce cosh(&) =

The singular points of the model in equation(4) are

é/ cosh —l( ¢1+\l¢1 +447 )

Let p=3, then we have

X, = [¢, cosh x,_, 1., +[#7 cosh® X, IX_, +[#5 cosh® X,_ IX s +Z, weveerrrnerinnnnnn, (6)
Also, suppose that Z, =0, and ¢ = (<) , we get

¢ =[¢, cosh(£)I¢ +[¢; cosh?()]IS +[¢5 cosh® (IS . ¢ #0.
Therefore, we get a third order algebraic equation and by using reference [1], we have

a, b and c are real constants such that a = ¢23 b= y A c= _E .

g=c-iab+2a°

A=c?+24b° —gabc—%azb2 +La’c
Caseone: A=0

Then, we get three real roots and we find it by

__923/9 _a — —3/9 _a
- 2\/; 3'X2—X3_\/; 3

Casetwo: A<O
Then, we get three different real roots and we find it by

cos L
X = Y16(q” — A) cos q; _%’k =012

Casethree: A>0
Then, we get one real root and two complex conjugate roots and we find it by

/——JX [aria
X, Y +3 Q+ _%
_ 1(3/ q—f+3/—q+ )_§+| \/ a—/a \/q+f
P P 3 3[ava  3[-aria
x =—%<%/‘*T+%/%>—%—IT<V‘*T {5

The singular points of the model in equation (6) are as follows:
C=Cosh (X ), Vi=L123 i )
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3.2 The Stability of Singular Point:
We will find the stability condition for the non-zero singular point as follows :
Put x, =&+ for all s=t,t-1 , in equation (2) (when p=1), and also suppose that the

white noise is not an effect, then we have:

CH+E =BIeosh(C+C )E+Cy) (8)
Then, &, =@ [SSINN(L) +COSN(L)] L voveeeni 9)

Since, we have ¢ :coshfl(i) sthen,
1

&, =[# cosh™ (%) sinh(cosh (1)) + ¢,
or £, =h¢,, ,whereh =[g¢ cosh™ (i)sinh(cosh - (é)) +1] (20)

Equation (10) is a first order linear autoregressive model which is stable if the root A, of
the characteristic equation lies inside the unit circle, i.e. if |4,|=|h|<1.

Note: The singular point of the proposed model of order one is not stable because of the
amount [¢, cosh ’l(%)sinh(cosh ’l(i))] >0 , then the root must be bigger than one, that

is meaning |4,| =|h|>1.

We will find the stability condition for the non-zero singular points of equation(4)
(when p=2) as follows :

&, =[hgsinn(<) + ¢, cosh(S) + 2¢, ¢ sinh(&) cosh($)IS ., +[¢; cosh* (IS,

or

G = D0y o (12)

where,

h, =[¢,¢ sinh({) + ¢, cosh(<) + 2¢, ¢ sinh(&) cosh(£)],
h, =[4; cosh*({)]

Then, from the compare between the roots of the equation (11) and it's coefficients we
get

v? _hlv_hZ =0= (V_/Il)(v_;tz) =V’ _(/11 +}“2)V+ﬂ1ﬂ“2

Then, hy = (4, +4,),h, =-44,

Where, 4,, 1, are the roots of the characteristic equation of the model.

The stability condition is that | 4| <1; for all i=1,2 .

We will find the stability condition for the non-zero singular points of equation (6)
(when p=3) , as follows :

&, =[Agsinh($) + ¢, cosh(¢) + 2¢; ¢ sinh(¢) cosh(¢) +345¢ cosh* (L) sinh 18, + (12)

o QIO
Or ¢, =h¢,, +h,¢,, +h,, . is alinear model of order three.

Where,
h, =[@,¢ sinh(&) + @, cosh(&) + 2¢2¢ sinh(£) cosh(&) + 3¢3¢ cosh? (&) sinh £]

h, =[¢; cosh?®({)]; h, =[¢5 cosh® ()]

The characteristic equation of linear model in equation (12) is
vi—hv?®-h,v—h,=0
Then, h, =4, + A, + 4;,h, =—(4L A4, + LA, + L,A4),h, = 44,4,
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Where, 4,,1,, 4, are the roots of the characteristic equation of the model.
The stability condition is that |4| <1, Vi =123,
The General Form:
P :
Let the model in equation (1) be given, thatis x, = Z[¢5i cosh(x, ;)]'%,; +Z,
i=1

we will find the stability condition for the non-zero singular points of equation (1) The
characteristic equation of the given model is defined as:

VP —hvP T —hvP 2 —hvPP - —h =00 L, (13)
where,

h, = ¢,[< sinh(£) + cosh(&)] + 242 cosh(&) sinh(&) + 3¢3¢ cosh? (&) sinh(&) + ...

+ pp) ¢ cosh P (¢)sinh(L)

h =@’ cosh' ();Vi=23 o ooeers e, p-1p.

The stability condition of singular point of equation (1) is the absolute values of the

characteristic roots of equation (13) are all less than one, that means
|/1i| <LVvi=123...,p.

3.3 Limit cycle:

We find the stability condition for the limit cycle (if it exists) as follows:

Let the limit cycle of period g of the proposed model in the equation (2) has the
form x,, X, X X,.q = X, -The points x, close to the limit cycle is represented as

2900 1 Mt+q
X, =X, +¢,,Vs=t,t—1 and the same note on {Z }when we find the singular point,

then we have

t+17

X+ &y =[B (0 e D (X ) (14)
therefore,
G =@ (Cosh Xy + X SINNX 1) coniei (15)

Equation (15) is a linear difference equation with a periodic coefficient, which is
difficult to solve analytically what we want to know whether £, of (15) converges to

zero or not, and this can be checked by seeing whether % is less than one or not [7].
Let t=t+q in equation (15).
Then, &q =@ (COSN X, 41 +Xiqa SINN X (1) qn  vrvrerrmmerriieeieeie e, (16)
q
Or &g = [ [41(Cosh Xy + Xy SINN X 1)y o, (17)
i=1
§t+q

Then, equation (17) is orbitally stable if |—{ <1 , ( theorem1l).

t
Therefore, the limit cycle of the proposed model (if it exists) is stable if

q
H¢l (COSh Xt+i—1 + Xt+i—l Slnh Xt+i—l)
i=1

<L (18)

Let the Ilimit cycle (for the 2nd-order)(equation (4)) has the form

Xis Xpo11 Xy e Xpyq = X - TNE points  x; near the limit cycle is represented as

X, =X+, Vs=t,t—-1t—2 and also the same note on {Z,}, then we have
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Xt + é/t — [% (e(xt-1+§t—1) + e*(xt-1+§t—1) )](thl + é/tfl)

+ [¢TZ ((e(Xt,1+§t,1) + e’(xtflJr{t—l) )(e(xt—1+§t—1) + ef(xt—lJréVt—l) ))](thz + é/t72)
Then, by using maclaurin series expansion for the exponential function we get
¢, =[é X, sinh(X,_,) + ¢ cosh(X, ;) + 2¢22 sinh(X,;)cosh(x, ;)X ,1¢ 4

, LT T (20)
+[¢, cosh”(x,1)I¢,
Then, we checked whether % <1 ornot.
é/t+q = [¢1Xt+q—l COSh(XHq—l) + ¢1 Sinh( Xt+q—1) + 2¢22 Sinh( Xt+q—1) COSh(XHq—l)XHq—Z ]gt+q—l (21)
+ [¢22 Sinh 2 (Xt+q—1 )]é/uq—z
Crva AT 114,008 X5 + ¥ ST %)+ 262 SIDN(X,, ) COSN(X, )X, o] -
q
+ [ 1047 cosh?(x..i 1)<,
i=2
Therefore, ( equation (22) ) is orbitally stable if
q
{H [4,(cosh X,y + X,y SIh X, ;) + 247 sinh(X,,;_;) COSh(X,,;_y) X, ]
L (23)

12 COShZ(XHil)I# <1

Let the Ilimit cycle (for the 3rd-order) in equation (6) has the form

Xis Xpi11 Xyg e Xpyq = X - TNE points  x; near the limit cycle is represented as

X, =X, +¢,, Vs =t,t-1Lt—-2,t -3 and the same note on {Z,}, then we have

Xt + é’t — [% (e X1 +8ia + e_xtfl_gtfl )](Xt_]_ + é’t_l)-i_

[%2 ((e X+t + efxt—lfé/t—l )(e X1 +¢t1 + e*Xpl*é’tfl ))](XFZ + é,t72) ........................... (24)
: +6t1 X176t 3

e e P00, + )

Then,

&, =[,%, . sinh x,_, +¢, cosh x,_, +2¢Zx,_, sinh x,, cosh x, , + (25)

3¢3%, s cosh” X,y sinh X, 1<, +[¢; cosh® (x,;)I¢,, +[4; cosh® (x,;)I¢,

- 2 -
é/t+q = [¢1Xt+q—1 Smh Xt+q—1 + ¢1 COSh Xt+q—1 + 2¢2 Xt+q—2 Smh Xt+q—1 COSh Xt+q_1 +
3 2 P
30; Xqs COSNY Xy SiNN X 1+ (26)

[¢7 COSh* X.q1 1 1iqz +[¢3 COSN X, 11C 105

q
- 2 -
§t+q = H[¢1Xt+i—1 sinh Xpyiza & cosh Xeyicg 29, Xisiz sinh Xisic cosh Xiyica

i=l 5,3 2 Sy T A e
3p5 Xsi s cosh Xisia sinh Xt+i—1] ¢y

q q
+ [ ]l¢; cosh® x; X + [ ][45 cosh® x,,;41 £,
i=2 i=3

Therefore, the model of equation (6) is orbitally stable if
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q
H[¢1 (C0Sh X,y + X,y SINN X, 1)+ 207 X, sinh X, ; cosh X, +
=L (28)

q q
3¢33 Xt+i—3 COSh 2 Xt+i—1 Sinh Xl+i—l] + H [¢22 COSh ? Xl+i—1] + H [¢33 COSh ’ Xl+i—1] < 1
i=2 i=3

Let the limit cycle (the proposed model in the general form) of equation (1) has the form

Xis Xtas Xepa oo Xiuq = X -The points X, near the limit cycle is represented as

X, =X, +¢,,Vs=tt-1t—-2,t-3,..,t—p and the same note on {Z }, then we have
the model of equation (1) is orbitally stable if

t+11?

q
H{[¢1 (COSh Xt+i—1 + Xt+i—l SInh Xt+i—1) + 2¢22 Xt+i—2 COSh Xt+i—l Slnh Xt+i—l
i=1

p ) )
n Z J¢Jj XHFj COSh j-1 Xt+i71 Slnh Xt+i71]}+ Hiq=2 [¢22 COShz Xt+i71] b mrmeeeeeeeeeeeee (29)
j=3
q
[ 112 cosh® XHH]‘ <1
i=p
Theorem 2: A limit cycle of period g, Xt+1 ,........ , Xt+q Of the model in equation (1) is

orbitally stable when all the eigen values of the matrix, A = Aq . Ag1 ... A1, have
absolute value less than one, where

P . .
¢1(COSh Xivicr T Xia sinh Xum) + 2¢22Xl+i72 cosh Xiyic1 sinh X T Z j¢JlXI+ifj cosh!™ XHHSinh Xisic1 ,¢22 cosh’ Xpicr e ¢;§] cosh? Xiyic1

j=3

1 0 .. 0 0

0 1 . 0 0

A =
0 0 01 0
4.Examples

In this section, we give two examples to explain how to find the singular points of
the proposed model and the conditions of stability of singular points and limit cycle.

Example(1): If ¢, =0.1 , then the model in equation (2) is x, =[0.1cosh X, ,]x, ; +Z,

The Singular Point:
By using equation(3) we get the non-zero singular point, which is

¢ =cosh™ (Oil) = cosh™(10) =2.9932 .

The stability of singular point:
Apply equation (10) we have that

G =308 | o *)

Then, equation(*) is a first order linear autoregressive process. Since, the root
(4, =3.9781)0of the characteristic equation of equation (*) lies outside the unit circle .
Then, the singular point is not stable.

The Limit Cycle:
Let the limit cycle of period g=4 which is {0.1005,0.1009,0.1380,0.8463,0.1005}

Then, from theorem (2) we get that
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[0.1015 © [0.1029 © _[0.2185 0 " 0.1015 0
Al_10'A2_10A3_1o“_10

Since, A= A, then, A= 0.0002 0
A= AR AA then, A= 0.0023 0

matrix A have absolute value less than one, where A, =0,4, =0.0002. Then, the

model has a stable limit cycle.This means that the model has unstable non-zero singular
point but have a stable limit cycle.

} Therefore, all the eigen values of the

Example(2):
If ¢, =1.333,¢, =—0.444 , then the model in equation (4) is
X, =[1.333cosh X, , I, , +[(-0.444)? cosh® X, ,1X, , +Z,

The Singular Point:
Apply equation(5) we get two non-zero singular points, which are ¢, =0.8213i ,

and ¢, = 2.6944 + 3.1416i

The stability of singular point:

If £, =0.8213i, then apply equation (11) we have that
o =—0.055C, ; +0.00178, 5 oo (**)
Then, equation (**) is a second order linear autoregressive model. The characteristic
equation of equation (**) is v* +0.055v —0.0917 =0 .Then, A4, =0.2764,1, =-0.3316
are the roots of the characteristic equation of the model in equation (**).Then, the
singular point is stable because the roots of the characteristic equation of the model lie
inside the unit circle. If £, =2.6944+3.1416i , then apply equation (11) we have that
¢, =(21.8885+37.0752i)C, ; + (10.9097 + 0.000160 )&, 5 «vvuemvverennininanananenn (***)
Then, equation (***) is a third order linear autoregressive model. The characteristic
equation of equation(***) is v —(21.8885+ 37.0752i)v — (10.9097 + 0.00016i)= 0
Then, 4, =22.0189+ 36.8570i, 4, =-0.1303+0.2181i are the roots of the characteristic
equation of the model. Then, the singular point is not stable because one of the roots of
the characteristic equation of the model lies outside the unit circle.
The Limit Cycle:

Let the limit cycle of period g=4 which is {9.34,1.82,0.84,0.76,9.34}
Then, from theorem (2) we get that

6.51 0.33 0 33 037 0 1468 1.98 0
A=l 1 0 O0/lA=l1 0 0/A=1 0 0
0 1 0 0 1 0 0 1 0
230768196 63862742 0
A = 1 0 0| Since, A= A.A,.A,.A, Then,
0 1 0

7.4451 2.0604 O
A=(10)°*|1.1265 0.3117 0| .Therefore, one of the eigen values A, of the matrix
0.3388 0.0038 0
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A has absolute value more than one, where, 4, =0, 1, =10° *0.000199, A, =10° *7.7569

, Then, the model has not a stable limit cycle.Therefore, the model has two non-zero

singular points(one of them is a stable and the other is unstable)and also has unstable
limit cycle.

5. Conclusion

The conclusions of this paper are as follows:

1- We find the non-zero singular point of the proposed model of order one and two and
three.

2- We find the stability conditions of the non-zero singular point of the proposed model
of order one and two and three and the general model.

3- We find the stability conditions of the limit cycle of the proposed model of order one
and two and three and the general model.

4- We explain the stability conditions of a non-zero singular point and the stability
conditions of the limit cycle in two examples and find that the model of order one
example(1) is not stable singular point and a stable limit cycle and find that the
model of order two example(2) have a two complex singular points ¢, , £, one of

them ¢ is a stable and the other ¢, is unstable, and not a stable limit cycle.
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