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ABSTRACT 

            In this paper we study the statistical properties of one of a non-linear 

autoregressive model with hyperbolic triangle function(polynomial with hyperbolic 

cosine function)by using the local linearization  approximation method to find the 

stability of the model  (singular point and its stability conditions and the stability of  

limit cycle).Where we started by the model of lower order (first and second and third 

order) and generalized the idea, and we tried to apply these theory results by using some 

of examples to explain one of important truth that says (if the model has unstable 

singular point, then it, maybe, has a stable limit cycle).      

Keywords: Non-linear time series model; Non-linear random vibration; Autoregressive 

model; Limit cycle; Singular point; Stability. 

 

 

(دراسة ثبات نموذج الانحدار الذاتي غير الخطي )متعدد الحدود مع دالة جيب التمام الزائدي  
 

 أنس سالم يونس      لعبيدياعبد الغفور جاسم  
 الاساسية كلية التربية                   كلية علوم الحاسبات والرياضيات                                  

 الموصل عة جام              جامعة الموصل                                        
 27/3/2013 تاريخ قبول البحث:                              24/6/2013 تاريخ استلام البحث:

 

 الملخص

تم في هذا البحث دراسة الصفات الإحصائية لأحد نماذج الانحدار الذاتي غير الخطي بدوال مثلثية زائدية )متعدد 
 local linearization)طريقة التقريب بالخطية المحلية  حدود بدالة الجيب تمام الزائدية( وباستخدام

approximation method)  لإيجاد استقرارية النموذج )النقطة المنفردة وشروط استقراريتها واستقرارية دورة
النهاية( حيث بدأنا بالنموذج برتب دنيا)من الرتبة الأولى والثانية والثالثة(وعممنا الفكرة.وحاولنا تطبيق تلك النتائج 

ائق المهمة التي تقول)إذا كان النموذج يمتلك نقطة منفردة غير النظرية باستخدام بعض الأمثلة لتوضيح إحدى الحق
 .يمتلك دورة نهاية مستقرة( ربمامستقرة فانه 

نموذج سلسلة زمنية غير خطية ؛ اهتزاز عشوائي غير خطي ؛ نموذج الانحدار التلقائي دورة  الكلمات المفتاحية : 
 الحد نقطة المفرد المزيد. 

. 
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1. Introduction 

In the field of discrete time non-linear time series modeling, there are many 

different types of a non-linear models which are considered by the researchers such as 

bilinear model (Priestley (1978), Rao (1977)) exponential autoregressive model (Ozaki 

and Oda (1977) )[5] and threshold model ( Tong (1990) )[8].  

In (1985) Ozaki proposed the method  of local linearization approximation to find 

the stability of a non-linear exponential autoregressive models[7].  

In (1986) Tsay R.S. studied the stability of non-linear time series[9]. In (1988) 

Priestley M.B. studied the non-stability and non-linear time series[9]. In (1990) Tong H. 

studied the dynamical system with stability of non-linear time series[8].   

 In this paper, we study the statistical properties of one of a non-linear 

autoregressive model with hyperbolic triangle function(polynomial with hyperbolic 

cosine function)by using the local linearization  approximation method to find the 

stability of the model  (singular point and its stability conditions and the stability of  

limit cycle) and we give some examples to explain this method. 

 

2.Basic Concepts of Time Series 

Definition 2.1: A difference equation of order n over the set of k-values 0, 1, 2, ... is an 

equation of the form  0),.....,,( 1 =−− nkkk yyykF , 

Where F is a given function, n is some positive integer, and k = 0, 1, 2, …... ., [4]. 

Definition 2.2: A time series is a set of observations measured sequentially through 

time. These measurements may be made continuously through time or be taken at a 

discrete set of time points. Then, a time series is a sequence of random variables defined 

on probability space multi variables  refer by  index (t) that back to index set T , and we 

refer to time series by },);({ Ttttx − if t takes continuous values, or 

,......}2,1,0;{ =txt  if t takes a discrete values [3].  

Definition 2.3: A time series }{ tx represents a linear autoregressive model if it satisfies 

the following difference equation: tptpttt Zxaxaxax =++++ −−− ...2211  

Where }{ tZ  is a white noise and paaa ,,........., 21  are real constants [2].  

Definition 2.4: The exponential autoregressive model of order p, EXPAR(P) is defined 

by the following equation     

( ) t

p

j

jt

X

jjt Zxex t ++=
=

−

− −

1

2
1  

Where }{ tZ  is a white noise and pp  ,........,;,......., 11 are the parameters of the 

model [5].   

Definition 2.5: The bilinear model of order (p,q,m,s) satisfies the equation   

tjtit

m

i

s

j

ij

q

j

jtj

p

i

itit ZZxZxcx ++−+= −−

= ==

−

=

− 
1 111

  , 

Where p , q , m and s are nonnegative, and }{ tZ is a sequence of independent 

identically distributed random variables and

sjmiijqp ,......1,,.....1;;,........,;,......., 11 ==  are the parameters of the model [6]. 
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Definition 2.6: A singular point of ( )
ptttt xxxfx −−−= ,......,, 21

 is defined as a point 

which every trajectory of ( )
ptttt xxxfx −−−= ,......,, 21  beginning  sufficiently close to it 

approaches either for →t  or for −→t . If it approaches it for →t  we call it 

stable singular point and if it approaches it for −→t  we call it unstable singular 

point. 

Obviously, a singular point   satisfies ( ) f=  [5]. 

Definition 2.7: A limit cycle of ( )ptttt xxxfx −−−= ,......,, 21  is defined as an isolated 

closed trajectory 
qttt xxx +++ ,......,, 21
, where q is a positive integer. Isolated means that 

every trajectory beginning  sufficiently near the limit cycle approaches either for →t

or for −→t . If it approaches it for →t  we call it stable limit cycle and if it 

approaches it for −→t  we call it unstable limit cycle [5]. 

Theorem 1: 

Let tx be expressed by the exponential autoregressive model  

( ) tt

x

t Zxex t ++= −

− −

111

2
1   

A limit cycle of period q , qttt xxx +++ ,......,, 21  of the model is orbitally stable if 

1
+

t

qt




 . proof (see [5]). 

The proposed model A non-linear autoregressive model (polynomial with hyperbolic 

cosine function) of order p is defined by tit

p

i

i

tit ZxxX += −

=

−
1

1)]cosh([ , 

Where }{ tZ  is a white noise process and p ,.......,1 are the parameters(real 

constants) of the model(the proposed model). 

3.The Stability of the Proposed Model  

In this section, we shall study the stability of a non-linear autoregressive model 

with hyperbolic cosine function with low order such that p=1,2,3 and, then we 

generalized this idea to the general model of order p by using the local linear 

approximation method that consists of the following three steps: 

Step(1):find the singular point of the model. 

Step(2):study the stability condition of the singular point. 

Step(3):find the stability condition of a limit cycle if it exists . 

3.1 Singular Point 

Consider the following model 

tit

p

i

i

tit Zxxx += −

=

−
1

1)]cosh([         ……………………………………………...……(1) 

Let  p=1 , then we have 

tttt Zxxx += −− 111 ]cosh[                 ……………………………………………..….…(2) 

Suppose that the white noise is not an effect ( tZ be minimum, i.e. 0=tZ  ) to get a 

deterministic model which has a limit cycle, and by using ( ) f=  we get the singular 

point   as:    )]cosh([ 1=  

or   
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)}11(ln{

:intsin

2
)cosh(sin,

)0(),0(,1),
1

(cosh

2

1
1

11

1

1

1













−=

−

−
=

=

−

−



bygivenispogularzeronontheThen

ee
celyequivalentor   ..…….………………………………(3) 

Therefore, the non-zero singular point exists if 0)}11({ 2

1
1

1
−


  .  Let p=2 , 

we have  

tttttt Zxxxxx ++= −−−− 21

22

2111 ]cosh[]cosh[    ………………………………………(4)  

Suppose that 0=tZ , and ( ) f=  , we get  

 )](cosh[)]cosh([ 22

21 +=  

Since 0 , then we divide on it to get 01)](cosh[)]cosh([ 22

21 =−+   

)(cosh 2
2

2
2

2
11

2

4






+−
=


 

The singular points of the model in equation(4) are    

)(cosh 2
2

2
2

2
11

2

41






+−−=


  ……………………………………………………………......(5) 

Let p=3 , then we have       

 
tttttttt Zxxxxxxx +++= −−−−−− 31

33

321

22

2111 ]cosh[]cosh[]cosh[     ………………..(6) 

Also, suppose that 0=tZ , and ( ) f=  , we get  

  )](cosh[)](cosh[)]cosh([ 33

3

22

21 ++=  , 0 . 

Therefore, we get  a third order algebraic equation and by using reference [1], we have 

a, b and c are real constants such that  3
3

3
3

1

3
3

2
2 1,,








−=== cba . 

3

27
2

3
1 aabcq +−=  

cabaabcbc 3

27
422

27
1

3
23

27
42 +−−+=  

Case one : 0=   

Then, we get three real roots and we find it by 

3
3

2323
3

21 ,2 aqaq
xxx −==−−=  

Case two : 0                

Then, we get three different real roots and we find it by 

2,1,0,
33

2cos
cos)(16

2

1

6 2

1 =−
+

−=
−

−−

+ k
a

k
qx

q

q

k


 

Case three :   0          

Then, we get one real root and two complex conjugate roots and we find it by 

3
3

2
3

21
aqq

x −+=
+−−−

 

)()( 3
2

3
22

3

3
3

2
3

22
1

2

+−−−+−−−
−+−+−=

qqaqq
ix  

)()( 3
2

3
22

3

3
3

2
3

22
1

3

+−−−+−−−
−−−+−=

qqaqq
ix  

The singular points of the model in equation (6) are as follows:  

3,2,1),(cosh 1 == − ixi             ……………………………………………………...(7) 
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3.2 The Stability of Singular Point: 

We will find the stability condition for the non-zero singular point as follows : 

Put ssx  += for all s=t,t-1 , in equation (2) (when p=1), and also suppose that the 

white noise is not  an effect, then we have: 

( )111 )][cosh( −− ++=+ ttt            ……………………………………………(8)                                         

Then, 11 )]cosh()sinh([ −+= tt         ………………………………….………..(9)  

Since, we have )
1

(cosh
1

1


 −=  ,then, 

 1
1111

1 ]1))(sinh(cosh)(cosh[
11 −

−− += tt 


                                                     

or 11 −= tt h    , where ]1))(sinh(cosh)(cosh[
11

1111

11 += −−


h     ……………………(10)   

Equation (10) is a first order linear autoregressive model which is stable if the root 1  of 

the characteristic equation lies inside the unit circle, i.e. if 111 = h  . 

Note: The singular point of the proposed model of order one is not stable because of the 

amount 0))](sinh(cosh)(cosh[
11

1111

1 −−


  , then the root must be bigger than  one, that 

is meaning 111 = h . 

We will find the stability condition for the non-zero singular points of equation(4) 

(when p=2) as follows : 

2

22

21

2

211 )](cosh[)]cosh()sinh(2)cosh()sinh([ −− +++= ttt   

or  

  2211 −− += ttt hh     ………………………………………………………………..(11) 

where, 

)](cosh[

)],cosh()sinh(2)cosh()sinh([

22

22

2

2111





=

++=

h

h
 

Then, from the compare between the roots of the equation (11) and it's coefficients we 

get  

2121

2

2121

2 )())((0  ++−=−−==−− vvvvhvhv    

Then, 212211 ),(  −=+= hh    

Where, 21 ,  are the roots of the characteristic equation of the model. 

The stability condition is that 1i ; for all i=1,2 .  

We will find the stability condition for the non-zero singular points of equation (6) 

(when p=3) , as follows : 

3

33

32

22

2

1

23

3

2

211

)](cosh[)](cosh[

]sinh)(cosh3)cosh()sinh(2)cosh()sinh([

−−

−

+

++++=

tt

tt




  ……..(12)  

Or 332211 −−− ++= tttt hhh   is a linear model of order three.  

Where, 

)](cosh[)];(cosh[

]sinh)(cosh3)cosh()sinh(2)cosh()sinh([

33

33

22

22

23

3

2

2111





==

+++=

hh

h
  

The characteristic equation of linear model in equation (12) is 

 032

2

1

3 =−−− hvhvhv    

Then, 321332312123211 ),(,  =++−=++= hhh  
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Where, 321 ,,   are the roots of the characteristic equation of the model.  

The stability condition is that 3,2,1;1 = ii . 

The General Form: 

Let the model in equation (1) be given, that is  tit

p

i

i

tit Zxxx += −

=

−
1

1)]cosh([                                                                                          

we will find the stability condition for the non-zero singular points of equation (1) The 

characteristic equation of the given model is defined as: 

 0...3

3

2

2

1

1 =−−−−− −−−

p

pppp hvhvhvhv     ………………...…..…………………..(13)  

where, 

)sinh()(cosh

...)sinh()(cosh3)sinh()cosh(2)]cosh()sinh([

1

23

3

2

211





−+

++++=

pp

pp

h
 

ppih ii

ii ,1.................,.........3,2);(cosh −==  . 

The stability condition of singular point of equation (1) is the absolute values of the 

characteristic roots of equation (13) are all less than one, that means  

pii ,...,3,2,1;1 = .   

3.3 Limit cycle: 

We  find the stability condition for the limit cycle (if it exists) as follows: 

Let the limit cycle of period q of the proposed model in the equation (2) has the 

form tqtttt xxxxx =+++ ,......,,, 21 .The points sx  close to the limit cycle is represented as 

1,, −=+= ttsxx sss   and the same note on }{ tZ when we find the singular point, 

then we have 

( ) ( )11

)()(

2
][ 11111

−−

+−+
++=+ −−−−

tt

xx

tt xeex tttt  
    ……………………………………(14)  

therefore,    

11111 )sinh(cosh −−−− += ttttt xxx     …………………………………………..........(15)   

Equation (15) is a linear difference equation with a periodic coefficient, which is 

difficult to solve analytically what we want to know whether t  of (15) converges to 

zero or not, and this can be checked by seeing whether 
t

qt



 +
is less than one or not [7].  

Let t=t+q in equation (15). 

Then,  11111 )sinh(cosh −+−+−+−++ += qtqtqtqtqt xxx      ……………………………... (16)  

Or 
=

−+−+−++ +=
q

i

titititqt xxx
1

1111 )sinh(cosh      ……………………...……………(17)   

Then, equation (17) is orbitally stable if 1
+

t

qt




  , ( theorem1). 

Therefore, the limit cycle of the proposed model (if it exists) is stable if 

1)sinh(cosh
1

1111 +
=

−+−+−+

q

i

ititit xxx    …………………………………………….(18) 

Let the limit cycle (for the 2nd-order)(equation (4)) has the form 

tqtttt xxxxx =+++ ,......,,, 21 .The points sx  near the limit cycle is represented as 

2,1,, −−=+= tttsxx sss   and also the same note on }{ tZ , then we have 
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( ) ( )

( ) )]())(([

][

22

)()()()(

4

11

)()(

2

11111111
2
2

11111

−−

+−++−+

−−

+−+

++++

++=+

−−−−−−−−

−−−−

tt

xxxx

tt

xx

tt

xeeee

xeex

tttttttt

tttt









     ………………...(19)   

Then, by using maclaurin series expansion for the exponential function we get   

21

22

2

1211

2

211111

)](cosh[

])cosh()sinh(2)cosh()sinh([

−−

−−−−−−−

+

++=

tt

tttttttt

x

xxxxxx




  ………...….(20) 

Then, we checked whether 1+

t

qt




  or not.  

21

22

2

1211

2

211111

)](sinh[

])cosh()sinh(2)sinh()cosh([

−+−+

−+−+−+−+−+−+−++

+

++=

qtqt

qtqtqtqtqtqtqtqt

x

xxxxxx




  ……..(21)                                              

t

q

i

it

q

i

ititititititqt

x

xxxxxx





})](cosh[

])cosh()sinh(2)sinh(cosh[{

2

1

22

2

1

211

2

21111





=

−+

=

−+−+−+−+−+−++

+

++=
      …………..(22) 

Therefore, ( equation (22) ) is orbitally stable if 

1})](cosh[

])cosh()sinh(2)sinh(cosh[{

2

1

22

2

1

211

2

21111

+

++





=

−+

=

−+−+−+−+−+−+

q

i

it

q

i

itititititit

x

xxxxxx





       …………….(23) 

Let the limit cycle (for the 3rd-order) in equation (6) has the form 

tqtttt xxxxx =+++ ,......,,, 21 .The points sx  near the limit cycle is represented as 

3,2,1,, −−−=+= ttttsxx sss   and the same note on }{ tZ , then we have 

( ) ( )

( )

( ) )]([

)]())(([

][

33

3

8

224

112

1111
3
3

11111111
2
2

11111

−−

−−+

−−

−−+−−+

−−

−−+

+++

+++

+++=+

−−−−

−−−−−−−−

−−−−

tt

xx

tt

xxxx

tt

xx

tt

xee

xeeee

xeex

tttt

tttttttt

tttt













        ……………………...(24) 

Then,  

31

33

321

22

2111

2

3

3

3

112

2

211111

)](cosh[)](cosh[]sinhcosh3

coshsinh2coshsinh[

−−−−−−−−

−−−−−−

++

+++=

tttttttt

ttttttt

xxxxx

xxxxxx




     ………………(25) 

31

33

321

22

2

111

2

3

3

3

112

2

211111

]cosh[]cosh[

]sinhcosh3

coshsinh2coshsinh[

−+−+−+−+

−+−+−+−+

−+−+−+−+−+−++

+

+

+++=

qtqtqtqt

qtqtqtqt

qtqtqtqtqtqtqt

xx

xxx

xxxxxx







    …………..(26)  

t

q

i

itt

q

i

it

q

i

tititit

ititititititqt

xx

xxx

xxxxxx











=

−+

=

−+

=

−+−+−+

−+−+−+−+−+−++

++

+++=

3

1

33

3

2

1

22

2

1

11

2

3

3

3

112

2

211111

]cosh[]cosh[

]sinhcosh3

coshsinh2coshsinh[

    ………….(27) 

Therefore, the model of equation (6) is orbitally stable if 
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   …………..(28)                                          

Let the limit cycle (the proposed model in the general form) of equation (1) has the form 

tqtttt xxxxx =+++ ,...,,, 21
.The points sx  near the limit cycle is represented as 

ptttttsxx sss −−−−=+= ,...,3,2,1,,  and the same note on }{ tZ , then we have 

the model of equation (1) is orbitally stable if 
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        …………………..(29)                              

Theorem 2: A limit cycle of period q , xt+1 ,…….., xt+q  of the model in equation (1) is 

orbitally stable when all the eigen values of the matrix,  A = Aq . Aq-1 … A1 , have 

absolute value less than one, where 
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4.Examples 

In this section, we give two examples to explain how to find the singular points of 

the proposed model and the conditions of stability of singular points and limit cycle.  

Example(1): If 1.01 =   , then the model in equation (2) is  tttt Zxxx += −− 11]cosh1.0[  

The Singular Point: 

By using equation(3) we get the non-zero singular point, which is 

2.9932 )10(cosh)
1.0

1
(cosh 11 === −−  .  

The stability of singular point: 

Apply equation (10) we have that  

13.9781 −= tt        ………………………………….………………………………….(*)  

Then, equation(*) is a first order linear autoregressive process. Since, the root 

3.9781) ( 1 = of the characteristic equation of equation (*) lies outside the unit circle . 

Then, the singular point is not stable.  

The Limit Cycle: 

Let the limit cycle of period q=4 which is }1005.0,8463.0,1380.0,1009.0,1005.0{  

Then, from theorem (2) we get that 
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







=

01

01015.0
1A . 








=

01

01029.0
2A  








=

01

02185.0
3A 








=

01

01015.0
4A  

Since, 4321 ... AAAAA =  ,then, 







=

00023.0

00002.0
A  Therefore, all the eigen values  of the 

matrix A have absolute value less than one, where  0002.0,0 21 ==  . Then, the 

model has a stable limit cycle.This means that the model has  unstable non-zero singular 

point but have a stable limit cycle. 

Example(2): 

If 444.0;333.1 21 −==   , then the model in equation (4) is  

tttttt Zxxxxx +−+= −−−− 21

22

11 ]cosh)444.0[(]cosh333.1[  

The Singular Point: 

Apply equation(5) we get two non-zero singular points, which are  0.8213i1 =  , 

and 3.1416i + 2.69442 =  

The stability of singular point: 

If 0.8213i1 = , then apply equation (11) we have that  

21 0917.0055.0 −− +−= ttt          …………………………………………………...(**) 

Then, equation (**) is a second order linear autoregressive model. The characteristic 

equation of equation (**) is 00917.0055.02 =−+ vv  .Then, -0.3316, 0.2764 21 ==   

are the roots of the characteristic equation of the model in equation (**).Then, the 

singular point is stable because the roots of the characteristic equation of the model lie 

inside the unit circle. If 3.1416i + 2.69442 =  , then apply equation (11) we have that 

21 ) i00016.010.9097(37.0752i)+ 21.8885( −− ++= ttt    ………………………..(***) 

Then, equation (***) is a third order linear autoregressive model.The characteristic 

equation of equation(***)  is 0 0.00016i)10.9097()37.0752i+ 21.8885 (2 =+−− vv   

Then, 0.2181i + 0.1303- ,36.8570i+ 22.0189 21 ==   are the roots of the characteristic 

equation of the model.Then, the singular point is not stable because one of the roots of 

the characteristic equation of the model lies outside the unit circle. 

The Limit Cycle:  

Let the limit cycle of period q=4 which is }34.9,76.0,84.0,82.1,34.9{  

Then, from theorem (2) we get that 
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4A   Since, 4321 ... AAAAA =  Then, 



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











=

00038.03388.0

03117.01265.1

00604.24451.7

*)10( 9A  .Therefore, one of the eigen values 3  of the matrix 
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A has absolute value more than one, where, 7569.7*10,000199.0*10,0 9

3

9

21 === 

,Then, the model has not a stable limit cycle.Therefore, the model has two non-zero 

singular points(one of them is a stable and the other is unstable)and also has  unstable 

limit cycle. 

5. Conclusion 

The conclusions of this paper are as follows: 

1- We find the non-zero singular point of the proposed model of order one and two and 

three. 

2- We find the stability conditions of the non-zero singular point of the proposed model 

of order one and two and three and the general model. 

3- We find the stability conditions of the limit cycle of the proposed model of order one 

and two and three and the general model. 

4- We explain the stability conditions of a non-zero singular point and the stability 

conditions of the limit cycle in two examples and find that the model of order one 

example(1) is not stable singular point and a stable limit cycle and find that the 

model of order two example(2) have a two complex singular points  1  , 2  one of 

them 1 is a stable and the other 2 is unstable, and not a stable limit cycle. 
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