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ABSTRACT
We proved the existence of P-integrable solution in LP(a,b)-space, where
1< p <o forthe fractional differential equation which has the form:

“Dy(t) = f (1, y(t)) O<a<l

with boundary condition
ry @) +uyb)=c
where D“is the Caputo fractional derivative, y,u and c are positive constants with

y + 1 # 0. The contraction mapping principle has been used to establish our main result.
Keywords: Fractional differential equation, Caputo fractional derivative, LP space.
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1. Introduction

Fractional differential equations have gained importance and popularity during
the past three decades or so, due to mainly its demonstrated applications in numerous
seemingly diverse fields of science and engineering. Fractional derivatives provide
an excellent
instrument for the description of memory and hereditary properties of various
materials and processes. This is the main advantage of fractional derivatives in
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comparison with classical integer-order models, in which such effects are in fact
neglected. The advantages of fractional derivatives become apparent in modeling
mechanical and electrical properties of real materials, and in many other fields see

([6LL7D).
Arora and Alshamani [1] proved a global existence and uniqueness theorem for
the equation

Dy (t)=f .y ) ..(1.1)
to the case when the order « in (1.1) istakento be n—-1<a<n, neZ" ,n>2

and satisfies the initial condition
y“I@=c ..(1.2)
where ac, eR,i=12,..,n,¢c,=0 , f(ty) is Lebsegue integrable function which

satisfies the global Lipschitz condition. Hadid [5] studied local and global existence
theorems of the nonlinear differential equation

Dy (t)=f (t,y(t)) O<ax<l ...(1.3)
satisfying initial condition
y (t,) =t, ...(1.4)

by Shauder and Tyconove fixed point theorems. Momani [8] studied local and global
uniqueness theorems of the fractional differential equation (1.3) with the condition
(1.4), by using Biharie’s and Gronwell’s inequalities. Benchohra et al [4] studied the
existence of solutions for boundary value problems , for fractional differential
equation(1.3), foreach te J =[0,T], O0<a <1 and satisfying the boundary condition
yy Q) +uy()=c
By using Schaefer’s fixed point theorem.

In this paper we impose some conditions on the existence of the solution of
fractional differential equation (1.3), with boundary condition

ry@)+uy(b)=c ...(1.5)
to be in the space of L"(a,b), Our method in this paper is by using the contraction
mapping principle.

2. Preliminaries

In this section ,we shall give a collection of definitions and lemmas which are
needed in various places in this work.

Definition 2.1 [2]
Let f be a function which is defined almost everywhere (a.e) on [a,b]. for & >0,
we define

-a a-1
Da f mj(b -t) f (t)dt

Provided that this integral (lebsegue) exists, where T" is gamma function.

Definition 2.2 [6]
For a function f defined on the interval [a,b], the ath Caputo fractional
derivative of f is defined by

(DLf)O) = ——— ( ) j (t-s)"" (s, y (s))ds
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where n=[«] +1 and [«] denotes the integer part of « .

Lemma2.1[2] If « >0 and f(t) is continuous on [a, b] , then D™*f exists and it is
continuous with respect to t on [a, b].

Lemma 2.2 [7] If «>0 and f(t) belongs to L(a,b), then D “f exists for all
t e[a,b] if a>landae.if a<1.

Lemma23[3] If «,f>0and f (t)eL(a,b),thenon a<t <b , we have:

t
a[:Df ds =D or (DD =D

b. If @ >1,then ;D“f is absolutely continuousin t [a,b].

C. d—a‘
dt

d. !D“Pf ='D“D’f ae.if a+ B <1

D “™f = D“f , everywhereif o >1andae.if a<L.

Lemma 2.4 [9] (Ho6lder's inequality)
Let X be a measurable space, let pand q satisfy 1<p <oo, 1<q<oo |,

and i+£=1 f f el’(X) and g e L*(X), then (f g ) belongs to L(X) and satisfies
P q

[ ffglx SUX i |pdxﬂjx|g|q dxf

3. Local Existence of P-integrable solution in L (a,b)space

In this section we prove some existence and uniqueness theorems in
L" (a,b)space for the boundary value problems(1.3), with condition (1.5).

Lemma 3.1 [4]
Let O <a <1 and f be continuous function . A function y is defined as

YO = -5 6y s~ [o-5)f (s,y (sds +

I(a), (r+uI(a); y+u
if and only if y is a solution of the fractional boundary value problem (1.3), (1.5).
For proof see [4].
The mean result is given in the following theorem

Theorem 3.2
Let the right hand side f (t,y (t)) of the fractional differential equation (1.3) satisfy the

Lipschitz condition in y with Lipschitz constant M, that is,[f (t,y,)—f (t,y,)|<M|y,-Y,|
on the domain D , where:

D ={(t,y):[t -t,|<aly —y,|<b} ...(3.2)
and it is P-intgerable on(a,b). There exists a P-intgerable solution for the fractional
differential equation (1.3) with the boundary condition (1.5).
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Proof. Let the mapping T on L (a, b) be defined as:

t b

IR T PR 3 H RYE! _c
Tgaywxmia $)“*f (5,9(s))ds Gzﬁﬁiﬁim s)f(&g@»m+y+ﬂ ...(32)

we have to prove that T maps every function g €L’ (a, b) into a function which belongs
to L (ab) . Let:

t b

b e 3 H _oyet c
hayqula $)“f (s,g(s))ds Glﬁﬁﬂﬁybs) f@g@»m+y+ﬂ ...(3.3)

by the lemma 2.1, the first and the second terms in the right hand side equation (3.3)
is continuous for all t €[a,b], and for all & >0. Hence h(t) is continuous on [a,b]

and it is measurable .

p
p | 1t _ b .
ho | T ooms " To9 T rsgons | G
r)a (0 (@)a rou

We have show that ‘h(t)‘p is Lebsegue integrable. Then, since |f +g|p <2° (|f |p +|g|p)

and from equation (3.4), we have

p t P b P
1 — - C
ha| <2 s e Ggnss) +2° Jo-5)""f (g (sNds -

a (r+u)l(e)a yrH
p
H b a-1 C : ;
the second term [ (b-s)” “f (s,g(s))ds———| Iis Lebsegue integrable.
(r+u)l(a)a ey
Let )P =] —— ] -5)% "1 (5,9())ds ...(3.5)
T(@),
Now we have to show that (z(t))" is Lebesgue integrable . Since

f(t,y(t))elL’@b), and (t —s)**eLP(a,b), then by HOIder inequality (£+£:1)
q p

and from equation (3.5), we obtain:

[ 1 1P
1 t q(a-1 q t p p
)P < &?5!0_”( ng[!f(&y@»mJ ...(3.6)
p 14 _c\ilaD) th p
(z@)" < F(a)e{(t s) ds} e{f (s,y (s))ds
aa»ps-ﬁiiﬁggirwxy(gxs (37
pa-—-1 a
p—lj

by Lemma 2.3.a, for a<t <b we have
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]Uf P(z,y (¢))d r]ds = ]ﬁ (s—7)"f P(zr,y (2))d r}ds

t
= [({D7 *(s.y(s)))ds = ;D *f ? ..(38)
From Definition 2.1 , equation (3 8)becomes

JUf "(z,y (r)d rst ——j(t S)f P(s,y (s))ds

a\a

t
Thus by Lemma 2.2 , it follows that |[f P is Lebesgue integrable for all t e[a,b]. If

a
there exist a Lebesgue integrable function w(t) on [a,b] such that |f(t)| <w(t) a.e on

[a,b] , where f(t) is measurable then f(t) is Lebesgue integrable function. Hence (z(t))® is

. p .
Lebesgue integrable. Thus ‘h(t)‘ Lebesgue integrable and therefore T maps
L? (a, b) into itself. To show that T is a contraction mapping, Let g,,g, € L"(a,b)

T (@.0)-T (@, @) =‘ ﬁ [€=5)"*(f (5. 0,(5) F (5,5,(6)))s

p

f(b =8)"(f (5,94(5)) = (5,9,(s)))ds

o+ #)F(a) p

ij -5)*(F (5,04(5)) - f(s,gz(s»)dsFt

if(t -5)"*(f (5,0,(s))f (5,9,(5)))ds -

J[Jt $)[f (5,9,5)) -1 (s,gz<s»dsj t +

b

T h I(I(b ) If (5.9,6)-F .9, (s»|ds] dt ..(3.9)
+m) (@)

Since f (t,y) satisfies lipschitz condition on D with respect to y. Therefore from
inequality (3.9), we get:

t

IT (9,)-T (g, )]} < ZM j[j( ~5)**g,(s) -9, (s)|dsj dt +

(T(@)" 2\a
b/b p
+(y+2p)'\f pr(a) j[j(b-s)“1|gl(s)—g2(s)|dsJ dt ...(3.10)
ILI a a

Since g,9,eL’@@b) and LP is a linear space, then |[g,—g,/eL’(ab),
(t—s)*'cLlP(ab) and (b-s)* cLl’@b)where L +2=1 by using HOlder
P q

inequality, equation (3.10) becomes
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I{“(t —s)1 1)dle @Igl—gz|p dsf}p dt +
(o]

PpPe t —a)"**
r(»p pa-1
p-1

M PP T (b- @Wl
7+ )P (D(@)P 3| [ pa-1
p-1

To integrate the right hand side of inequality (3.11), let:
t
r)=lg,—g,|"ds

(NCHOES (gz(t))H

(7 + )P (T(e))P

+2P M PP }[[J‘(b —5)i 1)dSJ

pl_“gl g,|" ds dt +

WCHORICH) =

+2P j|gl g,/" ds |dt ..(3.11)

Pag P P-1p
Ir (03697 @) < ZF(N;) [pa 1] j(t a) () de

p,P _ th
LoP M " u p-1 (b_a)pa—l |gl_g2|pds ¢
)p pa-1

7+ )P (T()
Integrate by parts ,we have:

dv = (t —a)*? y ="
pa
u=r) du=r (t)dt
o 2PmP plj_ll(b—a)‘“’b S () L }

()-T (0,0 < —g dt - t)dt
Fe0 e g 2 P o ara [

+2P M PP (p—lj (b—a)p“j'[hgl—ngds}it ...(3.12)

(7 + )P (T(a))P L P -1 2

rt—a)>
Since J. r, (t)dt >0, then inequality (3.12) gives
a P

o 2PWP (p-1 )T,
R s A
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M PP 1Y)
+2P £ [p ] (b —2)" [ g, -9,

(7 +u)P (T(e))P L Pa—1
1
. oM |(pa P pe( 1w [Py
Fowro0], <28 (22 eare (e ol
p-1
where 4=2M (b—a)“( p—l]p p\/i+ K
I'(a) pa-1 pa  (y+u)°

Thus T is contraction mapping and hence it has one and only one fixed point,
Ty(®)=y(t) .
Example 3.3. Consider the following fractional differential equation:
2t (,2
ey
55.5(1+ tz)

with boundary condition
y(@+y@=1
Here,

[Ty~ Fty.)|=

D*"y(t) =

e y; e’ y;
55.5(1+t?) 55.5(1+t?)
where y=1, u=1, p=2 and the space is L%(0,1) , Thus
2M(b—a)“( p-1 ]ppl o1, u

I'(@) \pa-1 pa  (y+u)°
(0.102717)(1.58113883)(0.9819805) = 0.159483294 < 1.
Then by Theorem 3.2 , the function

_it )03 e” y(s)* 1 i )03 e” y(s)* 1
ya)_r(o;)l(t %) 55.5(1+s2)OIS zr(a)£(1 %) 55.5(1+sz)ds+2

Is the only solution for the given fractional differential equation which satisfies the
given boundary condition.

1
<lvi-y| Yyt y)eD

<l &
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