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ABSTRACT

In this paper, we give an existence results for the fractional mixed Volterra -Fredholm
integrodifferential equation with Integral Boundary Conditions. First, we use the Banach
contraction principle to prove the existence and the uniqueness of the solution for the boundary
value problem. Second, we study the existence of the solutions for the boundary value problem.
using Krasnoselskii’s fixed point theorem.
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1. Introduction

We consider the following fractional integrodifferential boundary value problem

with integral boundary condition
T r
‘Dy(t) = f(t,y(t), I iy (t,5,v(s))ds, I ko (t, 5, v(s) )ds)

] 0

v(0) =[] g(s,y(s))ds
V(1) = [ 1(s,v())ds @)

where ©D%s the standard Caputo derivative, and 1 < &« < 2 and ¢ € J = [0,T],
y € C(J, R) the Banach space with norm: ||y|l = max,c;ly(t)| and the functions
[i]XRXRXR—=R, k:]Xx]J]xR >R, ks:J]X]XR—=R, g:]x]—=R

and h: J % J — R are continuous functions. Here, For brevity let
T -

Ky® = | k(e sv()ds  Kay®) = | k(tsy())ds
ul ul

The problem of existence and uniqueness of solution for fractional differential
equations have been considered by many authors; see for example [1], [2], [3], [7], [8],
[9], [11], [14]. An integrodifferential equation is an equation which involves both
integrals and derivatives of an unknown function. The existence and uniqueness
problems of fractional nonlinear differential and integrodifferential equations as a basic
theoretical part of some applications are investigated by many authors (see for examples
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[1], [13], and [14]). It arises in many fields like electronic, fluid dynamics, biological
models, and chemical kinetics. A well-known example is the equations of basic electric
circuit analysis. In recent years, the theory of various integrodifferential equations in
Banach spaces has been studied deeply due to their important values in sciences and
technologies, and many significant results have been established; see for example [10],
[12].

In [4] the authors studied the non-fractional mixed Volterra-Fredholm
integrodifferential equations with nonlocal conditions using Leray - Schauder theorem,
and In [15] the authors studied the fractional differential equations with integral
boundary conditions By means of the famous Banach contraction mapping principle.

we study in this paper the existence of the solution of the boundary value problem
for fractional integrodifferential equations (in the case of 1 = & < 2) with integral

boundary conditions in Banach spaces by using Banach and Krasnoselskii’s fixed point
theorems.

For the sake of clarity, we list the necessary definitions from fractional calculus
theory here. These definitions can be found in the recent literature.
Definition 2.1 [5] Let &« = 0, for a function y : (0,4} — R. The the fractional
integral of order ¢ of v is defined by

fa_1~I:t] = % hI:l:t — SJa_l_‘;‘I:S]E'ES

provided the integral exists.
Definition 2.2 The Caputo derivative of a function y: {0, +c2} — R isgiven by

-
[2

1 -
Cny(t) = [P Dt — — n—oa—1._,(nj ]
y(t) (D™y(t)) rn—a h ( 5) vy (s)ds
provided the right side is point wise defined on (0, 4+co) ,wheren = [a] + 1, and
[cr] denotes the integer part of the real number «.

The properties of the above operators can be found in [6] and the general theory of
fractional differential equations can be found in [5]. I" denotes the Gamma function:

R e ]

Fa)= ) et t%t dt

The Gamma function satisfies the following basic properties:
(1) Foranyn € R
rn+ 1)=nlr (n) andif n € Zthen I'(n) = (n— 1)
(2) Forany 1 = a £ R,then
a+ 1 a + 1 ~ 2

Fa + 1) al(a) [(a)

From Definition 2.1, we can obtain the following lemma.
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Lemma2llet) <= n — 1 <@ < n.lfweassumey € C™(0,1), the fractional
differential equation

‘Dé(t) = 0

has a unique solution
n—1

gy
W(6) = Z_& ;'DJ Lk

k=0

Lemma 2.2 The function y € €*[0,T] is a solution of boundary value problem (1.1),
if and only if y is a solution of the following fractional integral equation:

T
yit) = I (1 - %)g(s,_‘f[s]) + %h(i_‘f[sj)ﬂ's
) _
r
+I‘[1—n'jI (t =) fls,y(s), Kyy(s), Koy(s) ds (1.2)

a

That is, every solution of (1.2} is also a solution of (1.1} .

Proof . By integrating the equation “D%v(t) = f(t, y(t), K, v(t), K5y (t)), tothe
order & we have

(O = y(0) + y'(0)¢ + % D} (t — )51 £ (s, (), Kyy(s), Koy (s) )ds
Then -
WD) = y(0) + y'(OT + FS—HJ EI]"(T 9571 £(s, y(8), Koy (s), K, y(s) )ds
By the boundary conditions
T
y(©@ = | gs,y(s)ds
0
L T
v(T) = y(0)+ v'(0IT + @ J (T —5)t fis,v(s), Ky v(s), K- v(s) dds
T
= | h(s,y()as
:
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we have

y'(0) =

T

o) =50

0

1| h"-'ll’_"

- In::r 11 £ (s, y(s), Ky (), Kyy(s) Vds]

Thus ]
y® = [ glsy()ds + = [ (h(s, v()) — g (s, y()) )dis
0
1 T
@ I (T —5)% ! £(s,v(s), K, v(s), K,y(s) ds]

III

I[t $)* s, y(5), Ky y(s), K,y (s) ds
III
T

y(t) = I ( ;) (5,v(s)) + —h(s y(s))ds
T
.o

" 1r(a) J (T = 9)*7 Fls,y(s), K1 y(s), Koy (s) )ds

"

ﬁ:l o I (t—s5) T fis,v(s), Ky v(s), Koy(s) )ds

Therefore, the proof is completed. m

To proceed, we need the following assumptions:

(H1) There exists a positive constant L such that
\f (txq, ve,20) — Flt, a0, va, 20l S L0y — ol 4+ lyy — vl + 12, — 2D
Forall t €] and xy,y{,24,%5,V5, 22 €ER
(H2) There exist positive constants N, N, such that
ks (t,5,34) — ky (8,5, 9,01 < Nylyy — w5
and
ks (t,5,v) — ko (8, 5, v )| < Nolyy — s
Forall v;,yv, € R, LetN = max{ N;,N,}

(Hs) There exist positive constants M, M such that
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lg(t,y,) — g(t,y)l = Myly; — 3,
and
|t v, ) — Rt yv)l < Mylyy — v,
Forall t £ and v.,v, €R,Let M= max{M, M}
Lemma 2.3. If (H2) is satisfied, then for each v, v, € C(], R} the estimates
Ky — Kool = Nlly, — 0l T
K,y — Koyl = Nllyy — w2l T
are satisfied.
Proof . By (H2) we have

K1 (8) = Ky, (0] = | [ Ky (5, 9())ds — [k (2, 5,9())ds |

= I |k, (5, v(s)) — ky(t,5,v(s))| ds
<0
< | Nyllys = yallds = Nllys = yalle < Nlly; =y I
<0
||K1_‘L"1 - K-j__‘r'g” = N”_‘L"j_ - _1"3” T
Similarly, for the other estimate, we use assumption (H2) ,to get
||K2_1|."1 - K:_F:” i: N:”_Fl - _11'12” T |

3. Main Results

In this section, we give the existence and uniqueness of the solutions for problem (1.1).
Theorem 3.1 If (H1) , (H2) and (Hs) are satisfied, and

gria+1) = MTI (@ + 1) + (2L T* + 4LNT**!) forsome0 <gq < 1

then the fractional integrodifferential equation (1.1) has a unique solution.

Proof. We use the Banach contraction principle to prove the existence and uniqueness
of the solution to (1.1).

Let £ = Cc*[0,T] withthenorm  [lyll = max,ciop ly(E)]. (E.|| - ||} isa
Banach space. Consider the operator F: E — E defined by
T
[ t t ‘
E© = | (1-2)g(s.36) + Zhlsy(5))s
: T. T
T
-
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o (t —s5) f(s,y(s),K,y(s), K, v(s) )ds

It is clear that y is the solution of the boundary value problem (1.1) if and only if
y is a fixed point of F . The mapping F: E — E is a continuous and compact operator

on E. In the following, we prove that F has a unique fixed point in E. First of all, for
any x,y € E, we can get that
|Fy(t) — Fx(¢)|

T

— I (1 — %) (g(s,v(s))— gl(s, x(s)) + ;h(srﬁrlzgj) ~ (s, x(s))ds
0 t 1:
T D[ (T —5)%t fs,v(s), K v(s), Kov(s) ) — s, v(s), Ky x(5), K,x(s) )ds

+ %ﬂ[ (t =5y fls,v(s), Kyv(s), Kov(s) ) — (s, x(s), Kyx(s), K,x(s) )ds

T
= I (1 —%) lg(s5,v(s)) — gls.x(s))| + %|h(s,_1-‘[s]] — k(s x(s))| ds
J .
T
+ ‘ I (T —s)* | f(s,v(s), K v(s), Kyy(s) ) — f(s,x(s), Ky x(s), Kyx(s) ) ds

TT(a) :

L
+ mﬂ[ (t —s)% (s, v(s), Ky y(s), Kov(s) ) — f(s,x(s), K x(s), K. x(s) )| ds
t : ¢ T
(1= 2y [ ards + Sy = at [ aryas
0

P

T.

T

I

+— | (@ = 9% LAly - xll+ ¥ lly - xIIT + Ny lly — xl| ) s
F[nf]a

1

+—

(t =) LUy — xl + N lly — 21T + Nolly — x| T) ds
T(ea) .

—

L]
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i t
= 1——) Vv —x|IMT + —=|ly — xlIMT
( T I | T”' |

T
Llv=xll + N, lv=xIT+Nlv=xlIT) [ r r
' L - I[T—s]a_lﬂ's+ I(t—s]a_lﬂ's

T(e)
0 0
L(llv —xIl + Nylly — xIT + N lly — ]| T) T ™
= |ly — x|lMT + (—+ —)
I'a) o a.

%

2L T® + 4LNT**
Yy =l = qlly -«

T + 1)

= | MT +

Then |[|Fy — Fx|| = gllv — x|
which implies that F is a contraction mapping.

By means of the Banach contraction mapping principle, F has a unique fixed
point which is a unique solution of the boundary value problems (1.1).m

Our second result uses the following Krasnoselskii fixed point theorem.

Theorem 3.2. Let B be a closed convex and nonempty subsets of Banach space X. Let
L and W be two operators such that

(1) £x + Ny € B wheneverx,y € B.
(2) L is a contraction mapping.
(3) v is compact and continuous.

Thenthereexists z € B suchthatz = Lz + Nz,

Suppose that

(H4) There exist positive constants M4, ,,M; such that
If(t,x, v, 2)|l = M,
Ih(e, W < 8, Lllg(t, Il < M,

forallx,y,z € Randt € J, Let M = max{M, M,, M}

Theorem 3.3. Assume that the conditions (H,), (H3), (H,) are satisfied. Then the
fractional integrodifferential equation (1.1) has at least one solution on j provided that
MT =<1

Proof. Let us choose

2T ) 7
ra))

Consider the disk B, = {v € C(J,R): llvll = 7}
Define on B, the operators £ and V" by

'rE(T+
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T
Lx)(t) = I (1—%)5(5,9{(5]) + %h(s, x(s))ds
J .
and

V) () = ﬁ j (£ — )5 £(5, y(s), Ky (s), Koy (s) )ds

T

_ TFE{?) DI (T —5)*t f(s,y(s), Ky v(s), K, v(s) dds

Stepl. Forany x; v € B, then Lx + Ny € B,

In fact,
T

l(Lx)(t) + (vy)(e)] = I (1 —%)g(s,x(s]) + %h(s,x[s]:lds

0

o | (6= 977 5, y(9), Kyy(s), Koy (5) Ddis
0
T

~

T _ .
ihlﬂ i ds + ?;;( Jﬂ?? ds + I M a‘s)i(? + 2T ),ﬁgr

~|lLx + nyll =+,  Hence, we deduce that £x + Ny € B,

Step 2. We show that £ is a contraction mapping.
Foranyt € Jand x,y € C(J.R) we have

T

£x(®) ~ £y@1 = || (1-2)a(s.2)) + Zh(s x())ds
D{ t t
_;-.I (1-7) (5. y®) + Zh(s, () ds
: t t
< I (1 —;) Mylle—yll + ZMllx = yll ds < MTllx - yll
) |
Then

l£x — Lyl < MTllx — vl
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Since MT = 1 ,then L isa contraction mapping.

Step 3. Now , we have to prove that ¥ is continuous and compact.
For this purpose, we assume that y,, — y in C(J,R). It comes from the continuity
of k; and k, that

k, (t,s,_u-‘n [s]) - Ky (t, s, _u-‘[s]) and ||k1_(t,s,_1-‘n[s]) — ky(t, s,_u-‘[sj]” < 2K;

ky(t,5,v,(5)) = ky(t,5,v(s)) and||k,(t,5,v,()) — ky(t.s,v(s)|| = 2K;

By the dominated convergence theorem,
T

b b

- -

T
Iﬂ ki (t,s,v,(s))ds —~I ki (t,s,y(s))ds I ky(t,s,v,(5)) = I k,(t,s,v(s))ds
a a a a
asn — co Then by (H1) we have
Fs, v, (5), Ky, (5), Ky, (s)) = fis,vis), (Kyvis), K,v(s))asn = o,s €]
If (s, v (), Ky v, (), Kow (DI < #1

By the dominated convergence theorem we have

(W) () — () ()] =

[ =9 £, 3,050, Ky(6), Koy (5) s

el .
i
.o
" 1r(a) I (T —5)*7" f5,3m(5), K172 (5), K30 (5) )
0
- % I (t— 509t f(s,v(s), Ky v(s), Ko y(s) dds
0
T
T TI(er) I (T —s) fls,y(s), Ky y(s), Koy(s) dds
0

"

-

< FS—M I (& = )5 £ (s, 1, (5), Koy (8), Ky () = £(5, (), Koy (), Kay())] dis

T
t

— [ = 97 16,305 K9, ayi5)) = 75, (5) Ky (9,8 (5)) s

+
T
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2

a—1
< ;I&rj I |f (s, v, (), Ky vy (), Ko v () ) = Fs, y(s), Ky v(s), K, v(s) )l ds
0
a—1 1:
@ \f (5, v, (), Ky v, (8D, Ko v () ) = s, v(s), Ky v(s), K,v(s) )| ds
i)
a1 [
= F[{‘{j hI |f[5', Vn ':SJ; fﬁ_‘r’n ':.S'J, Kg_‘;’n (SJ ] — fl:,s', _1-'[5)! KLV[SJ,KE_‘;’[SJ J| ds
il

— 0 asn — w

which implies that ¥ is continuous.
To prove that V" is a compact operator, we have observed that ¥ is a composition
of two operators, thatis, N = U = IV where

WV () = Flt.v(@®), (K@), (kay) (), forallt€ ]

and

T t rT

(Uy)(t) = %Iﬂ (t— s)** yls)ds — @ LID (T— 5)* ! y(s)ds, forall te]

Since for the same reason as " the operator ¥ is also continuous, it suffices to
prove that V7 is uniformly bounded and I/ is compact to prove that V" is compact.
Lety £ B,.then

I Il = [|F (& v, K, (o)l < 71

from which we deduce that ¥ is uniformly bounded on B...

1 ~T ~ 1 T L 1 1
D@1 = |5 [ € = 977 yas - s [ 0 = 9% yGodas
1 F P 1 T et 2T%r
imhlﬂ (t— s)* ¢ ﬂs-l_mh.;. (T — 5)°° 1 rﬂsi—r‘[ﬂ_l_ D
Then
loyll < =27
vyl = Ma + 1)

onthe other hand, for 0 = s =< t, < t; < T,
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||:U_‘r') I:t‘]_] - I:U_‘r'] [:tjj|

1 & £ T
= m[ [tl— sjﬂ—l _1-‘(5](“:5'— T I (T — S]a—l _F[des
Jo J
-t T

_ﬁjﬂ [tg — gjﬂ—l _1-‘[5‘] fds + TE"T:{{] LID [T _ S]a—i _‘L’(S]E'fs

i - ) L o-1 ., ;

- ‘mulg I:tl_ 5] t _\’(SJGS—mHID |:t2 — 5] 1 _1'[5]!'.15
iﬁf' (b~ %~ (&~ °7] ||_1-‘(S]||d5+$[q(t1— 9% y(s) lds

T
< ——| 20ty — )" 4+t — ., "

which does not depend on'y. So UBE,. is relatively compact. By the Arzela-Ascoli
Theorem,U is compact. Thus, we have proved that Vis continuous and compact, £ is a
contraction mapping and L£x 4+ Ny € B, if x,yv € B, . Hence, the Krasnoselskii

theorem lead us to conclude that the boundary value problems (1.1) has at least one
solutionon /. m

4. An Example

In this section we give an example to illustrate the usefulness of our main results.
Let us consider the following fractional BVP

./ : |
Doy (t) = — ( SOL

I 25 "-}-':E'E‘S + | 2(t —5) mﬂ‘

2(19 + 9\ )

11—

-

. cos v(s)ds

v = [,

() = < siny(s)ds @)

Here,

flt,x,y,z)= [v+z] ,

=
2(19 + ef)

And ki(t,s,y) = 2se™, ky(t,5,y) = 2(t — 5) — 1

(B

And g(t, v) = S cosy Lh(t,y)= =

-

siny

I-.Jl'"

Forall t €= [0,1] andt,x, v,z ER,

Then we have :
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|f[t;x1;_11’1;31] - f[t;xj;ﬁ’g; ij| = ['11 _‘L’g' + |31 - ZEU

2[19+ t)
IZI

—1 Vol + 123 — 25
319 1 o0 J[|1 2l + 1z, — 2, )

1
=0 Uy = w2l + 2y = 2D

Then L = e , And
40

Ftx,y,2)] e ]ﬂlz ve +Iﬂ2[t e~ ]
X, VE) = | —7———= 5———ds —5le ds
: 219 +e7) "y T yis)+1
1 t
- 1 IHE ) IHE( ] ) - 1
—_ L t — L —_
0 [h srs+h s)ds) | 0
0 0
And
oK [t,S,‘r’] .z
— A = 2t - s)e (- 2y)] £ 2,
ay |
dK,(t,s,v) ‘25 -1 -
ay - (1+v)?l
Then N, = N, = N =2
And
dg(t,v) (1 —1t)? 1
. A= siny)| = -
dy 2 | 2
gnit,y)| |s* 1
— | = |— o5 V| = —
ay 2
1
Then (H1) , (H2) and (Hs) are satisfied with L = 41_:.  N=2, M==
Henceforall o« € (1,2) = 1l =T{a+ 1) < 2!
Therefore
1 1
2L T + 4LNT®*1 1 2( 1% + 4( (2)1%7
MT + - 41]} ) < 075 < 1

= -+
o+ 1) 2 Ia +1)
Then by Theorem 3.1 the fractional BVP (4.1) has a unique solution on [0,1]. =
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