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ABSTRACT

The vertex identified and edge introducing graphs of two disjoint connected graphs
are extended to n, n>3, disjoint connected graphs. Hosoya polynomials and Wiener

indices of such composite graphs are obtained by applying Gutman's Theorem and using
mathematical induction on n.

Keywords: distance, Hosoya Polynomial, Wiener index.

Uikl clblal) Elasialy gugdol) (Gl asend! Ligugd dgan Cladta

il dglga g o ana taal
Slaalplly ipulad] asle LS
2012/09/18 :cal) Jsd &l 2012/05/13 =) adi) &Ll
Laald)

N A< Gugpll dnlls cpliaiiag calaaie Gl (Y LLll dila d8lialy Gl Gl dulae aas
agil) Aol Wiy Lo Aleamiially Aleaiall WLl (3 (N> 3)
LSall llall oda Jial ddlcall Jaray Hing dalag Ligwsd dgaa cilhaatie o Ulias Eanall o
Nde cabll bl aladiuby Gutman's Jeua e alaeYh
o g by cLigasd dgan Badxie cAdlisal) tdialidal) cilalst)
1.Introduction

Our terminology and notations will be as given in the references [2,3,5].

Let G be a connected graph of order p and size q. The distance between the two
vertices u and v in G is the minimum of the lengths of u—v paths in G ;it is denoted
by d¢ (u,v) orsimply d(u,v).

The eccentricity e(v) of a vertex v in G is defined by
e(v) =max{d(u,v):ueV(G)},

Where ,V (G) is the vertex set of G . The diameter of G denoted by diamG, or¢,
is defined by:
diamG = max{e(v) :veV (G)}=max{d(u,v) :u,veV(G)}
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The concept of distance based polynomial was introduced in 1988 by H.
Hosoya[7]. Hosoya's paper, which seems to be the only published work concerning this
issue, reported a limited number of results on Hosoya polynomials.

Let d(G,k) be the number of pairs of vertices in G that are at distance k apart

,0<k <6, then the Hosoya polynomial of a connected graph G is defined as follows :
5

H(G;x) = > d(G,k)x* .
k=0

The number of all pairs of vertices u and v in G is p(p+1)/2 , where p is the

order of G.
Let d(v,G,k) be the number of vertices in G, that are at distance k from vertex

v, then the Hosoya polynomial of a vertex v is defined by [4]
H(v,G;x) = > d(v,G,k)x" .

k>0
Observe that

p, if k=0
> d(v,G,k) = _
o) 2d(G,k), if k>0
From this ,we have a relation between the Hosoya polynomial of G and Hosoya
polynomial of a vertex v in G, namely,

D> HV,G;x)=2H(G;x) - p.
veV (G)

Several authers had obtained Hosoya polynomials for special graphs and
compound graphs obtained by certain graph binary operations [7,8,10,11]. In 1993,
Gutman [6] defined vertex identified and edge introducing graphs, constructed from two
vertex disjoint connected graphs as given next:

Definition 1.1:[6]
Let G,and G, be any two connected graphs with disjoint vertex sets. Let U and
V' be any two vertices of G,and G, respectively, then the vertex identified graph
G, ¢G, is obtained from G,and G, by identifying the vertices u and v , the edge
introducing graph G, : G, is the graph obtained from G, and G, by introducing a new
edge joining the vertices u and v. Gutman obtained H (G, ¢G,;x) and H(G, : G,;x)as
follows:
Gutman's Theorem 1.2:[6]
1. H(G,¢G,;x) =H(G;;x) + H(G,;x) + H(u,G; Xx)H (v,G,; X)
—H@U,G;;x)—H(v,G,;X).
2. H(G, :G,;;x) =H(G; X))+ H(G,; X) + xH(U,G;; x)H(v,G,;X). =
In this paper, we continue the research along the same lines to find Hosoya

polynomials and Wiener indices of graphs constructed from several vertex disjoint
graphs by using the idea of vertex identification and edge introducing.

2. Generalized Vertex Identified Graphs:
Let G,,G,,...,G,,n>2,be disjoint connected graphs and let u,,v, eV(G,)
Vi=1,2,..,n.Then , G, eG,e..eG is the graph obtained from G,,G,,..,G, by
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identifying the vertices u, with v,,,, forall i=1, 2,...,n—-1. (See Fig.2.1). To simplify

the notation , we denote G, G, e ... ¢G_ by H(Gi,o) orJ,.

i=1

n

Fig. 2.1. The graph J(G,.)
It is clear that p(Jn)=Zn:p(Gi)—n+1 , q(Jn)zzn:q(Gi), and

diam(J,) = max{e (u)+eg (vi)+ Zd(ur,v )}

r=i+l

In the next theorem, we give the Hosoya polynomial of J forall n>2.

Theorem 2.1: For any positive integer n , n> 2,we have.
n n n-1

H(3,:0) =2 H(G; %) = D H(V, Gix) + D H (U, 35 0IH (v, Gy ¥) - 10, -(2.1)
i=1 i=2 i1

Proof: The formula (2.1) will be proved by mathematical inductionon n, n> 2.
For n=2 , we have by Gutman's Theorem
H(G, ¢G,;x) =H(G;;x)+ H(G,;x)+H(u,G;; x)H(v,,G,; X)
- H(ul7Gl;X)_ H(VZ’GZ;X)
Thus, (2.1) istruefor n=2 .
We assume that (2.1) is true for n=r > 2and prove itfor n=r+1 .
Then, for the graph using Gutman's Theorem, we get
HU ;X)) =H{, G, ;;X) =H(J,;X)+H(G, ;;X)+H(u,, I ;x)H(v,,;,G, ;%)
—H(Ur, r!X) H(Vr+l' r+1;X)

r+1 r+1

_ZH(GUX) ZH(VUGl1X)+ZH(U|"]|1X)[H(V|+1’ |+11X) l]

Hence , (2.1) is true for alln,n>2. =
Lemma 2.2: Forall u;,v, eV(G;),i=1,2,..,m, m>2, we have.

zd(uh Vh)
Hu,,J, ;X)= H(um,Gm,x)+Z(H(uj,GJ,x) 1)x" . ..(2.2)
=1
Proof: We use mathematical inductiononm, m> 2.
From Fig.2.1 , we notice that, when m=2
H(u,,G, ¢G,;x) = H(u,,G,;X) +[H(u,,G,; x) — 1] x*(="2)
Thus , (2.2) is true for m=2..
Now, we assume that (2.2) is true forall r > 2 .
For r +1, we have
H (ur+l’ r+l? X) H (ur+l’ r+l? X) + [H (ur’ r? X) 1] Xd(urﬂ VHl)
d(Uh Vi)
- H(ur+l’ r+11 X) +[H (ur’Gr’X) + Z(H(uj ’G] ! X) 1)Xh " l]xd(UHl,VM)

=
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r+l
r D d(un vy)

=H (ur+l’Gr+1; X) +Z(H (Uj ,Gj ; X) —:|_)Xh:j"1

j=1
Hence, (2.2) istrue forallm, m>2,
From Theorem 2.1 and Lemma 2.2 , we obtain the following theorem.

Theorem 2.3: For any positive integer n, n >3, we have

H@,0 = S HG0+ 2IH U, G0 ~D(H ., G,y -1 ~1]

n-1 i-1 Zi:d(uh,vh)
+ 2 D IH U, G0 ~1H V0, Gy ) - 2x ™ (23)
i=2 j=1

Proof: From Theorem 2.1, we have
H(3,;%) =D H(G; )~ D H(v;,G;;x) + H(u,, G )[H (v,,G,; ) —1]
i=1 i=2

+ EH(UiyJi;X)[H(VHl’GHl;X) _1]

Then From (2.2) ,we get
(3,00 = Y HG) - Y HE,.Gix) + H(ty G (v,.G,i) 1]

+”Z—1: H(u;, G X)[H(V,,1, Gy X) —1]

i=2

n-1 i-1 id(uh]Vh)
" ZZ:Z;‘[H (uj ’Gj 2 X) =1[H (Vig, Gigs X) =1
1=2 )=

Simplifying the last expression, we obtain (2.3). =
If each of G,,G,, ...,G, is isomorphic to G, then GeGe ... «G is denoted by

J,(G). It is obvious that p(J,(G))=np (G)-n+1, q(J,(G))=nq(G), and if u, =u
v, =v, forall i=1,2,..,n,then
diam(J, (G)) =e; (u) +e5 (V) +(n—2)d; (u,Vv).

If dg (u,v) =diamG, then diam(J,(G)) = ndiamG.

Corollary 2.4: If G is a connected graph and dg(u,v) =diamG =J, then for any

positive integer n, n>3 , we have
H(J,(G);x) =nH(G;x)+(n-DI(HU,G;x) ~)(H (v,G;x) -1) —1]

+(H(u,G;x)—1)(H(V,G;X)_1)sz<i—j>a. .

i=2 j=1

Corollary 2.5: If G is a connected graph and d;(u,v)=diamG = with
H(u,G;x) = H(v,G;X) , then for any positive integer n, n>3 , we have
H(J,(G);x) =nH(G;x)+(n-D[(H(u,G;x) ~1)* ~1)]

n-1 i-1

FHUG-D2Y > x4 m

i=2 j=1
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3. Generalized Edge Introducing Graphs

Let G,,G,,..,G,be disjoint connected graphs and let u,v, eV(G,),
=1,2, .. ,n, then the edge introduce graph G,:G,:..:G, is obtained
fromG,,G,, ... ,G, by adding new edge u;, v,,, forall i=1, 2, ... ,n—1.( See Fig. 3.1).

Fig. 3.1. The graph f[(Gi,:)

To simplify our notation , we denote G, :G,: ... :G, by H(Gi,:) orl,

i=1

It is clear that p(In)=Zn:p(Gi), q(In):Zn:q(Gi)+n—l, and

i=1

diam (I,) = max{e (u;) +eg (v)+Zd (ur,v)+j—|}

r=i+l

Theorem 3.1: For any positive integer n, n>2 , the Hosoya polynomial of I, is given

by.
n n-1

H(1,%) =Y H(G;X) + XD HU;, 15 X)H (V. Gy X) - (3.2)
i=1 i=1

Proof: We use mathematical inductiononn, n> 2.

For n=2, we have, by Gutman's Theorem, that
H(G, :G,;x) =H(G;;X)+(G,; x) + xH (u,,G;; X)H (v, ,G,; X)

Thus, (3.1) is true for n=2 .
We assume that (3.1) is true forn =r > 2, and prove that it is true for n=r+1.

H(Ir+l;x):H(|r:Gr+1;x):H(Ir;x)+H(Gr+1'X)+XH(ur’ r!X)H(VHl' r+1;X)
r r-1
:zH(Gi;X)+XZH(ui’Ii;X)H(Vi+1’Gi+1;X)+H(Gr+1;x)
i=1 i=1
+XH(U X)H(Vr+1' r+1;X)
r+1

_ZH(G|7X)+XZH(U|’ |'X)H(V|+l’ |+l’ )

Hence , (3.1) is true for aII n>2. m

r? rs

Lemma 3.2: For all m>2 ,we have

m-1 id(uhvvh)Jr(m’j)
H(Up, 1y X) =H (U, Gy %)+ > HU;, G X)x™" . ..(3.2)
i1

Proof: When m=2 ,we have.
H(u,,1,;x) =H(u,,G,;x) + H(u,,G,; x)x" )

Now, we assume that (3.2) is true for r > 2 ,and show that it is true for r +1,
H(U, .4, 105X =H(u ;X)+H(u x)x"(””l'v“l)+1

r+l? r+11 r+l? r+l’ r? r’
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1 Zr:d(uhvvh)Jr(r*J—)
= H(ur+l”Gr+l;X) +[H(ur’Gr;X) +Z H (uj |Gj ; X)Xh:jJ'1
1

j=

] X d (ur+1!vr+1)+1

r+l

r Zd(uh,vh)+(r+1fj)
=HWU,;,G ;X)) + Z H (Uj ,Gj X)X

j=1

Hence, (3.2) istrueforall m>2. =m
Now, using Theorem 3.1 and Lemma 3.2 , we prove the following theorem .

Theorem 3.3: For any positive integer n, N 3 ,we have.
n n-1
H(1,;X) :ZH(Gi;X)+ XZH(ui'Gi;X)H(VHl’GHl;X)

i-1 i1 |
n-1 i-1 Zl_:d(uhvVh )+(i+1-])

+ZZZZ;4H (U, G H (Vg Gy X)X .(3.3)
1=2 ]=

Proof: From Theorem 3.1, we have
H(1,;%) =Y H(G;;X) + xH(u;, Gy; X)H (v, G,; X)

i=1

n-1
+XZH(ui1 I X)H (Vi Giii X)

i=2
Then, from Lemma 3.2,we obtain

H(1,;%) =Y H(G;;X) + xH(u,, Gy X)H (v, G,; X)
i=1
n-1 i-1 Zi:d(uh,vh)+(i—j)
+X D H(U;, G5 x) + Y H(u;, G5 x)x H(v,.,,G,..;X)
i—2 =1

:Zn:H(Gi;x)+xr_]z_l:H(ui,Gi;X)H(Vm’Gm;X)

n-1 i-1 D d(up vy )+(i+1- )

+ Zzzl H (UJ 'GJ , X)H (Vi+li Gi+l; X)Xh=j+1
1=2 J=

This completes the proof . m
Now, if each of G,,G,, ... ,G, is isomorphic to G, then G:G: ... :G is denoted by

I.(G). It is clear that p(l,(G))=np(G), q(l,(G)) =nq(G)+n-1, and if u, =u,
v,=v,forall i=1,2,..,n,then
diam(l, (G)) =eg (u) +e5 (V) +(n—2)d; (u,v) +n-1
If dg(u,v) =diamG, then diam(l,(G)) =ndiamG+n-1.
Corollary 3.4: If G is a connected graph and d;(u,v) =diam G =45, then for any

positive integer n, N = 3 ,we obtain.
H(,(G);x)=nH(G;x)+(n-1)H(u,G;x)H(v,G; x) X
n-1 i-1

+H(U,G; x)H(v,G; X)ZZ x(-DEma o

i=2 j=1
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Corollary 3.5: If G is a connected graph and d(u,v)=diamG=¢6 with
H(u,G; x) = H(v,G;Xx), then for any positive integer n, n>3 , we have.

H(|n(G);X)=nH(G;X)+(n—l)(H(u,G;x))2x+(H(u,G;X))ZnZ_iiz_l“x“’”(‘m)”, -

i=2 j=1
4. Some Applications of Hosoya Polynomials:

4.1. Hosoya Polynomials of Special Vertex Identified Graphs in Chemistry.
Examples 4.1.1:
1. If C,is an even cycle graph of order t, t=2m, m=>2, then, diamC,, =m,

m-1 m-1
HU,C,piX) =1+2> x" +x", forall ueV(C,,),and H(C,,;x)=2m> x"+mx".

2m?
r=1

r=0
Then, from Corollary 2.5, we have.

m-1 m-1 m-1 n-1i-1
H(J,(Cpp)iX) =2mn Y. X" +mnx" + (n=D[(2D_ X" +x")? 1]+ (2D x" +x™)? > > x"D
r=0 r=1 r=1 i=2 j
n-l n-1i-1
=n@m-1)+1+2mn>_x" +mnx" + (n-DF (x)+ F(x)> > x",
r=1 i=2 j=1

Where ,
m-1 m-1

F()=4) ™ 44) (m=r)x™" +x".
r=1 =1

If we take t=4 and t=6 ,(see Fig.4.1.2),we get

SEE RO

30 (Cs)
T (C2) Fig.4.1.2. 6
H(J,(C,);X) =3n+1+4nx+2(3n—2)x* + 4(n-1)x*> + (n-1)x*
+(2x + x?)? nilixz(“” ,
i=2 j-1

and
H(J,(Cy);X)=5n+1+6nx+2(5n —2)x* + (11N —8)x* + (N —1)(8x* + 4x° + x°)

n-1i-1 o
+(x+2x7 +x%)2D 2 x|

i=2 j=1
Such graphs J,(C,) and J (C,) are used in chemistry.

. Let S, be the star of order t, t>4, with the vertex set V(S,) ={c,v,,v,, ... ,v_},
where degc=t—-1and degv=1, VveV(S,)-{c}.

Since, diamS, =2, H(V,S;x)=1+x+(t-2)x*, for all veV(S,)-{c}, and
H(St;x)=t+(t—1)x+%(t—l)(t—2)x2,

then assuming that the vertex of identification of each S, is an end vertex and by
using Corollary 2.5, we get
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HJ,(S.);x) = n[t+(t—l)x+%(t—1)(t—2)x2]

+(N=D[(x +(t—2)x*)* =1+ (x + (t—2)x*)* I

i=2 j=1

=n(t-D)+1+n(t-)x+[

N(-D-2) g
2

+2(n=1)(t-2)x* + (N =) (t —2)°x* + (X + (t - 2)x2)2nz_iiz_1:x2“’” .

i=2 j=1

3. Let W, be the wheel graph of order t t>4, with vertex set
V(W,) ={c,v,,v,, ... ,V, ,}, where degc=t-1,and degv =3, V veV(W,)-{c}.
Since, diamW, =2, H(v,W,;x)=1+3x+(t—4)x*, for all veV(W,)-{c} and

H(W,;x) :t+2(t—1)x+Wx2

Then , assuming that the vertex of identification of each W, is vertex of degree 3
and by using Corollary 2.5, we get.

H(Jn(Wt;x):n[t+2(t—l)x+L2(t4) 1+ (n =D[Bx + (t —4)x?)* -1]

+(3x + (t—4)x2)2 3 x*0)
—n(t—-1)+1+ 2n(t—1)x+[—n(t_1;(t_4)+9(n—1)]x2
£ 6N —1)(t = 4)X° + (N —1)(t —4)° X* + (3X + (t - A)X°)? _nfiixzw ,

4.2. Hosoya Polynomials of Special Edge Introducing Graphs

To illustrate the usefulness of Corollary 3.5,we take G to be a special graph ,such
as complete graph, even cycle, star or wheel.

Examples 4.2.1:
1.1f C,,,m>2is an even cycle then , by Corollary 3.5,we get

m-1 m-1
H(1,(Cpn);X) =2mn>_ x" +mnx™ + (n—)(L+2D_x" +x")?x

r=0 r=1
m-1 n-1 i-1
+ (1+ szr + Xm)2 X i—j)(m+1)+1
r=1 i=2 j=1
m-1 i-1 i-1
= 2mn2x +mnx" +(N=DF () x+ F(x)D_ D xmd

i=2 j=1

Where ,
m-1 m-1

FOO) =4> (rx+Dx" +4> (m—r)x™" +(1+x")?
r=1 r=1

For speciai cases , we take_t:4 and t=6 then,
H(I1,(C,);x) =4n+(5n-1)x +2(3n —2)x* +6(n —1)x* +4(n-)x* + (n-1)x°
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n-1 i-1
+F(x)D D x3
i=2 j=1
where ,
F(X) =1+4x+6x" +4x> +x*,
and

H(I,(Cy);X) =6n+(7n—1)x + (10n — 4)x* + (1In —8)x* +10(n —1)x* +8(n —1)x°
n-1 i-1

+4(N-Dx° +(n-1)x" + F(x)>. > x4,

i=2 j=1
where ,
F(X) =1+4x+8x* +10x® +8x"* +4x> + x°.
2.1f S,, t>4 is a star of order t, then assuming that the vertex of introducing edge of
each S, is an end vertex and by using Corollary 3.5,we get

H(,(S,):X) = n[t+(t—1)x+%(t—1)(t—2)x2]+(n—l)[1+x+(t—2)x2]2 X

+[1+ x+(t—2)x2]2§§“x3(i—j)+1
=nt+(nt—1)x+ [g (t=1)(t-2)+2(n—=D]x* + (n-1)(2t — 3)x°
+2(n=(t-2)x* + (N =D (t - 2)*x° + L+ x + (t - 2)x?)? iix““”” ,

3. If W,, t>4, is awheel of order t then , assuming that the vertex of introducing edge
of each W, is a vertex of degree 3 and by using Corollary 3.5, we get

H(J, W,);x) = n[t+2(t—1)x+%(t—1)(t—4)x2]+(n—1)[1+3x+(t—4)x2]2x

n-1 i

+[@+ 3 - XY, _l X3
=nt+(2nt-n —1)x+[g(t ~1)(t-4)+6(n-DIx* + (n -2t +Dx°
LB A)X + (D4 + L+ Bk (- A 53 D,

4.3. Wiener Index and Average Distance.
The Wiener index of a connected graph G is denoted by W(G) and defined by

W(G):% D du,v). ..(4.3.1)

u,veV (G)

The name Wiener index for the quantity defined in (4.3.1) is usual in chemical
literature, since Harold Wiener [8] in 1947 seems to be the first who considered it.
Several mathematical authors obtained the Wiener index of many kinds of chain of
cycle graphs [2,10] .The Wiener index of G can be obtained from the following formula

W(G) =S H(GX) . = LKIG.K), .(432)
X =
where H(G;x) is the Hosoya polynomial of a connected graph G.
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Consequently, the main distance or average distance of a connected graph G,
denoted by x(G)and is defined by

u(G)=2W(G)/ p(p-2) , p=N(G). ...(4.3.3)
Finally , we define the Wiener index of any vertex u in a connected graph G by
W(u,G):diH(u,G;x)|x_1 => kd(u,G,k) ..(43.4)
X k=L

From (4.3.2) and (4.3.4) and Corollary 2.5, we obtain the following corollary.
Corollary 4.3.1: For n>3, we have.

W(@J,(G))=nW(G)+n(n-1)(H(u,G1) -YW (u,G) +§[2J(H (u,G1) -1°.

Proof: W(J,(G)) = % H(J,(G);x)| ,
=nW(G)+2(n-1)(H(Uu,G1)-1W (u,G)

+(H(u,G;1)—1)z§i5(i— j)+2(H(u,G;1)_1)W(U,G)§‘Z‘1:l

=nW(G)+n(n-1)(H(u,G;) -)W (u,G) + 6(QJ(H (u,G1)-1°.m

Now, from Corollary (4.3.1), we obtain the following corollary.

Corollary 4.3.2: For n > 3,we have:
1. W@, (C,.)) :g(an +Dm? —%(2n2 —3n+1)m? +%(n2 _3n+2)m, m>2.

2. W(Jn(St)):%(nz +3n—1)t? —%(an +9n—5)t+2(n2 Len—4) , t>4.

3. W(J, (W) =g(n2 +3n—1)t? —%(an +15n—8)t+g(n2 L12n-7) , t>4. m
But, from (4.3.2) and (4.3.4) and Corollary 3.5, we obtain the following corollary.
Corollary 4.3.3: For n>3,we have:

W(1,(6)) =nW(G) +n(n -1 H(u,GW (u,G) +(H (u,G;1>)2{5[2J+[n3+ 1)}

Proof: W(I,(G)) = dix H(1,(G);x)|, ,
=W (G) +(n—-D{(H (u,Gi)? + 2H (u,G;HW (u, G)}

n-1 i-1 n-1i-1

+(HU,GD)* Y. > G+ — ) +1}+ 2H(u,G;HW(u,G)> D1

i=2 j=1 i=2 j=1

=nW(G)+n(n -1 H(u,GIW(,G) +(H(u,G:1))2{5(2J+(n; 1)} .

Now, from Corollary (4.3.3), we obtain the following corollary.

Corollary 4.3.4: For n>3,we have:
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1. W(l,(C,,)) :% n(2n? +Hm?® +§n(n2 ~)m?, m=>2.
2. W(In(St)):%n(nz+2n—1)t2—n(3n—1)t+n , t>4.

3.W(In(\Nt)):%n(nZ+2n—1)t2—n(5n—2)t+2n t>4. m

Finally, from (4.3.3) and Corollaries 4.3.2 and 4.3.4, we have the following
corollary.

Corollary 4.3.5: For n>3,we have.

m 2m*(2n+1)—(n -1
L (3, (Cp)) =2 nog 2N DD (02D |
3 n(2m-1)°+2m-1
2 t+4n-1
2. u(J (S)==n+3——|.
#1(3,(S,)) 3( nt—n+1j
2 t+10n-4
3. u(d =S 43—
13, (W) 3[ nt—n+1j
m 2> =D +n+m
4. u(l (C =—|Nn+ :
u(1,(Cy)) 3£ o 1 ]
t? +(5n—4)t -2
5. u(1,(5)) =n+2- L EON--2
nt® —t
t? +(9n—6)t — 4
6. u(l, (W,))=n+2— (ntz—t) .

5.Conclusions

In this paper, we generalized the operation of constructing vertex identified and
edge introducing graphs obtained from two graphs to those obtained from a sequence of
n pairwise vertex disjoint connected graphs G,,G,,...., G,. Using Gutman's Theorems n
times in each case, we obtained Hosoya polynomials of such generalized graphs.

Moreover, we obtained Hosoya polynomials, Wiener indices and average distance
for generalized vertex identified and edge introducing graphs when every
G,,1<i<n,is isomorphic to a special graph which has important applications in
Chemistry.
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