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ABSTRACT 

The vertex identified and edge introducing graphs of two disjoint connected graphs 

are extended to n, 3n , disjoint connected graphs. Hosoya polynomials and Wiener 

indices of such composite graphs are obtained by applying Gutman's Theorem and using 

mathematical induction on n. 
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 متعددات حدود هوسويا لتعميم تطابق الرؤوس واستحداث الحافات للبيانات

 نور مولود دهاش أحمد محمد علي 
 لوم الحاسوب والرياضياتع كلية

 ، الموصل، العراقجامعة الموصل
 18/09/2012تاريخ قبول البحث:                                      13/05/2012تاريخ استلام البحث: 

 الملخص
 nتم تعميم عملية تطابق الرأس وإضافة حافة للبيانات لأي بيانين متصلين ومنفصللين االنبل ة لللر وس ل لل 

(3n.من البيانات المتصلة والمنفصلة فيما بينها االنب ة للر وس ) 
في هذا ال حث حصللنا عللم متعلت ات حلتو  هوسلويا و ليلل وينلر ومعلتة المبلافة لمبلل هلذا البيانلات المر  لة 

 .nوباستختام الاستقراء الرياضي علم Gutman'sاالاعتما  علم صيغتي 
 المبافة، متعت ة حتو  هوسويا،  ليل وينر.الكلمات المفتاحية: 

1.Introduction 

Our terminology and notations will be as given in the references [2,3,5]. 

Let G  be a connected graph of order p  and  size q . The distance between the two 

vertices u  and v  in G  is the minimum of the lengths of vu −  paths in G  ;it is denoted 

by ),( vudG  or simply ),( vud . 

The eccentricity )(ve of a vertex v  in G  is defined by  

)},(:),(max{)( GVuvudve =  

 Where , )(GV is the vertex set of G . The diameter of G  denoted by Gdiam , or , 

is defined by: 
)}.(,:),(max{)}(:)(max{ GVvuvudGVvveGdiam ==    
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The concept of distance based polynomial was introduced in 1988 by H. 

Hosoya[7]. Hosoya's paper, which seems to be the only published work concerning this 

issue, reported a limited number of results on Hosoya polynomials. 

 Let ),( kGd  be the number of pairs of vertices in G  that are at distance k  apart 

,  k0 , then the Hosoya polynomial of a connected  graph G  is defined as follows : 


=

=


0

),();(
k

kxkGdxGH  . 

The number of all pairs of vertices u  and v  in G  is 2/)1( +pp  , where p  is the 

order of G . 

Let ),,( kGvd  be the number of vertices in G , that are at distance k from vertex 

v , then the Hosoya polynomial of a vertex v  is defined by [4] 




=
0

),,();,(
k

kxkGvdxGvH . 

Observe that  







=
=

 0,),(2

0,
),,(

)( kifkGd

kifp
kGvd

GVv

 

From this ,we have a relation between the Hosoya polynomial of G  and Hosoya 

polynomial of a vertex v in G , namely,  




−=
)(

);(2);,(
GVv

pxGHxGvH . 

Several authers had obtained Hosoya polynomials for special graphs and 

compound graphs obtained by certain graph binary operations [7,8,10,11]. In  1993, 

Gutman [6] defined vertex identified and edge introducing graphs, constructed from two 

vertex disjoint connected graphs as given next: 

Definition 1.1:[6]  

Let 1G and 2G  be any two connected graphs with disjoint vertex  sets. Let u  and 

v  be any two vertices of 1G and 2G  respectively, then the vertex identified graph 

21 GG •  is obtained from 1G and 2G  by identifying the vertices u  and v  , the edge 

introducing graph 21 : GG  is the graph obtained from 1G  and 2G by introducing a new 

edge joining the vertices u  and v . Gutman obtained );( 21 xGGH •  and );:( 21 xGGH as 

follows: 

Gutman's  Theorem 1.2:[6] 

1. );,();,();();();( 212121 xGvHxGuHxGHxGHxGGH ++=•  

                          );,();,( 21 xGvHxGuH −− . 

2. );,();,();();();:( 212121 xGvHxGuHxxGHxGHxGGH ++= .    ■ 

In this paper, we continue the research along the same lines  to find Hosoya 

polynomials and Wiener indices of graphs constructed from several vertex disjoint 

graphs by using the idea of vertex identification and edge introducing.    

2. Generalized Vertex Identified Graphs: 

Let nGGG ,...,, 21 , ,2n be disjoint connected graphs and let )(, iii GVvu    

ni ,...,2,1= .Then , nGGG ••• ...21 is the graph obtained from nGGG ,...,, 21  by 
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identifying the vertices iu  with 1+iv , for all 1,...,2,1 −= ni . (See Fig.2.1). To simplify 

the notation , we denote nGGG ••• ...21  by 
=

•
n

i

iG
1

),(  or nJ . 

 

 

Fig. 2.1. The graph 
=

•
n

i

iG
1

),(  

It is clear that 
=

+−=
n

i

in nGpJp
1

1)()(  , ,)()(
1


=

=
n

i

in GqJq  and 

}),()()({max)(
1

1


−

+=


++=
j

ir

rrjGiG
ji

n vudveueJdiam
ji

. 

In the next theorem, we give the Hosoya polynomial of nJ for all 2n .  

Theorem 2.1: For any positive integer n  , 2n ,we have. 

].1);,([);,();,();();( 11

1

121

−+−= ++

−

===

 xGvHxJuHxGvHxGHxJH ii

n

i

ii

n

i

ii

n

i

in
            ...(2.1) 

Proof: The formula (2.1) will be proved by mathematical induction on n , 2n . 

For n=2 , we have by Gutman's Theorem , 

);,();,();();();( 22112121 xGvHxGuHxGHxGHxGGH ++=•  

                       );,();,( 2211 xGvHxGuH −−  

Thus , (2.1) is true for 2=n  . 

We assume that (2.1) is true for 2= rn and prove it for 1+= rn  . 

Then, for the graph using Gutman's Theorem, we get 

);();( 11 xGJHxJH rrr ++ •= );,();,();();( 111 xGvHxJuHxGHxJH rrrrrr +++ ++=  

                 );,();,( 11 xGvHxJuH rrrr ++−−  

                 ]1);,([);,();,();( 11

1

1

2

1

1

−+−= ++

=

+

=

+

=

 xGvHxJuHxGvHxGH ii

r

i

ii

r

i

ii

r

i

i
 

Hence , (2.1) is true for all n, 2n .     ■ 

Lemma 2.2: For all )(, iii GVvu  , mi ,...,2,1= , 2m , we have. 


−+= +=

−

=

m

jh

hh vudm

j

jjmmmm xxGuHxGuHxJuH 1

),(1

1

)1);,(();,();,( .                         ...(2.2) 

Proof: We use mathematical induction on m, 2m  . 

From Fig.2.1 , we notice that, when m=2 
),(

1122212
22]1);,([);,();,(

vud
xxGuHxGuHxGGuH −+=•  

Thus , (2.2) is true for m=2 . 

Now, we assume that (2.2) is true for all 2r  . 

For 1+r , we have 
),(

1111
11]1);,([);,();,( ++−+= ++++

rr vud

rrrrrr xxJuHxGuHxJuH . 

                       
),(

),(1

1

11
111 ]1)1);,(();,([);,( +++= −


−++= 

−

=

++
rr

r

jh

hh

vud
vudr

j

jjrrrr xxxGuHxGuHxGuH  

1G 1u 1v 
2G 2u 2v 

3G 3u 3v 
nG nu nv 

1nG − 1nu − 1nv − 
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−+=

+

+=
=

++

1

1

),(

1

11 )1);,(();,(

r

jh

hh vudr

j

jjrr xxGuHxGuH  

Hence , (2.2) is true for all m , 2m  .      ■ 

From Theorem 2.1  and Lemma 2.2 , we obtain the following theorem. 

Theorem 2.3: For any positive integer n, 3n , we have 

]1)1);,()(1);,([();();(
1

1

11

1

−−−+= 
−

=

++

=

n

i

iiii

n

i

in xGvHxGuHxGHxJH  

      


−−+ +=

++

−

=

−

=



i

jh

hh vud

ii

n

i

i

j

jj xxGvHxGuH 1

),(

11

1

2

1

1

]1);,(][1);,([ .            ...(2.3)      

Proof: From Theorem 2.1, we have  

]1);,()[;,();,();();( 2211

21

−+−= 
==

xGvHxGuHxGvHxGHxJH
n

i

ii

n

i

in
 

            

]1)x;G,v(H[)x;J,u(H 1i1i

1n

2i

ii −+ ++

−

=


,  

Then From (2.2) ,we get 

 
= =

−=
n

i

n

i

iiin xGvHxGHxJH
1 2

);,();();( ]1);,()[;,( 2211 −+ xGvHxGuH  

       ]1);,([);,( 11

1

2

−+ ++

−

=

 xGvHxGuH ii

n

i

ii
 

       


−−+ +=

++

−

=

−

=



i

jh

hh vud

ii

n

i

i

j

jj xxGvHxGuH 1

),(

11

1

2

1

1

]1);,(][1);,([ . 

Simplifying the last expression, we obtain (2.3).    ■ 

If each of nGGG ,...,, 21  is isomorphic to G , then GGG ••• ...  is denoted by 

)(GJ n . It is obvious that 1)())(( +−= nGnpGJp n , )())(( GnqGJq n = , and if uui =  

, vvi = , for all ni ,...,2,1= , then 

),()2()()())(( vudnveueGJdiam GGGn −++= . 

If GdiamvudG =),( , then diamGnGJdiam n =))(( . 

Corollary 2.4:  If G is a connected graph and == GdiamvudG ),( , then for any 

positive integer n , 3n  , we have 

]1)1);,()(1);,()[(1();();)(( −−−−+= xGvHxGuHnxGHnxGJH n   

                
−

=

−

=

−−−+
1

2

1

1

)()1);,()(1);,((
n

i

i

j

jixxGvHxGuH 
.        ■ 

Corollary 2.5:  If G is a connected graph and == GdiamvudG ),( with 

);,();,( xGvHxGuH =  , then for any positive integer n , 3n  , we have 

)]1)1);,()[(1();();)(( 2 −−−+= xGuHnxGHnxGJH n  

                   
−

=

−

=

−−+
1

2

1

1

)(2)1);,((
n

i

i

j

jixxGuH 
.    ■ 
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3. Generalized Edge Introducing  Graphs 

Let nGGG ,...,, 21 be disjoint connected graphs and let )(, iii GVvu  , 

ni ,...,2,1= , then the edge introduce graph nGGG :...:: 21  is obtained 

from nGGG ,...,, 21  by adding new edge iu 1+iv , for all 1,...,2,1 −= ni .( See Fig. 3.1).  

 

 

 

Fig. 3.1. The graph 
=

n

i

iG
1

:),(  

To simplify our notation , we denote nGGG :...:: 21  by 
=

n

i

iG
1

:),(  or I n  . 

It is clear that =)( nIp 
=

n

i

iGp
1

)( , 
=

−+=
n

ji

in nGqIq 1)()( , and 


−

+=

−+++=


1

1

}),()()({max)(
j
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rrGjGiGn ijvudveueIdiam
rji

ji . 

Theorem 3.1: For any positive integer n , 2n  , the Hosoya polynomial of I n  is given 

by. 

 
=

−

=

+++=
n

i

n

i

iiiiin xGvHxIuHxxGHxIH
1

1

1

11 );,();,();();( .                         ...(3.1) 

Proof: We use mathematical induction on n, 2n . 

For n=2, we have, by Gutman's Theorem, that 

);,();,();();();:( 22112121 xGvHxGuxHxGxGHxGGH ++=  

Thus , (3.1) is true for n=2 . 

We assume that (3.1) is true for 2= rn , and prove that it is true for n=r+1. 

);,();,();();();:();( 11111 xGvHxIuxHxGHxIHxGIHxIH rrrrrrrrr +++++ ++==  

                  
=

−

=

+++ ++=
r

i
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i
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1
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1
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                 );,();,( 11 xGvHxIuHx rrrr +++  
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+
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r

i

iiii
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i

i xGvHxIuHxxGH
1

11

1

1

);,();,();( . 

Hence , (3.1) is true for all 2n .    ■ 

Lemma 3.2: For all 2m  ,we have 


−

=
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+= +=

1

1

)(),(

1);,();,();,(
m

j
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m

jh
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xxGuHxGuHxIuH .                         ...(3.2) 

Proof: When m=2 ,we have. 
1),(

112222
22);,();,();,(
+
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vud

xxGuHxGuHxIuH                                              

Now, we assume that (3.2) is true for 2r  , and show that it is true for 1+r , 
1),(
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11);,();,();,(
+

++++
+++= rr vud

rrrrrr xxIuHxGuHxIuH  

1G 1u 1v 
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Hence , (3.2) is true for all 2m .    ■ 

Now, using Theorem 3.1 and Lemma 3.2 , we prove the following theorem . 

Theorem 3.3: For any positive integer n , 3n  ,we have. 
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Proof: From Theorem 3.1, we have 
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Then, from Lemma 3.2,we obtain 
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This completes the proof .    ■ 

Now, if each of nGGG ,...,, 21 is isomorphic to G, then GGG :...::  is denoted by 

)(GI n . It is clear that )())(( GpnGIp n = , 1)())(( −+= nGnqGIq n , and if uui = , 

vvi = , for all ni ,...,2,1=  , then 

1n)v,u(d)2n()v(e)u(e))G(I(diam GGGn −+−++=
. 

If GdiamvudG =),( , then 1))(( −+= ndiamGnGIdiam n . 

Corollary 3.4: If G is a connected graph and == Gdiam)v,u(dG , then for any 

positive integer n, 3n ,we obtain. 
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Corollary 3.5: If G is a connected graph and == Gdiamvud ),(  with 

);,();,( xGvHxGuH = , then for any positive integer n, 3n  , we have.  
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4. Some Applications of Hosoya Polynomials: 

4.1. Hosoya Polynomials of Special Vertex Identified Graphs in Chemistry. 

Examples 4.1.1: 

1. If tC is an even cycle graph of order t, m2t = , 2m  , then, mCdiam m2 = , 
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Then, from Corollary 2.5, we have. 
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If we take t=4 and t=6 ,(see Fig.4.1.2),we get 

 

 

 

 

Fig.4.1.2. 
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    Such graphs )( 4CJ n  and )( 6CJ n  are used in chemistry. 

2. Let tS  be the star of order t , 4t  , with the vertex set }v,...,v,v,c{)S(V 1t21t −= , 

where 1tcdeg −=  and 1vdeg = , }c{)S(Vv t − . 

Since, 2Sdiam t = , 2

t x)2t(x1)x;S,v(H −++= , for all }c{)S(Vv t − , and 

2

t x)2t)(1t(
2

1
x)1t(t)x;S(H −−+−+= , 

then assuming that the vertex of identification of each tS  is an end vertex and by 

using Corollary 2.5, we get 

)( 6CJ n 
)( 4CJ n 
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]x)2t)(1t(
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3. Let tW  be the wheel graph of order t, 4t  , with vertex set 

}v,...,v,v,c{)W(V 1t21t −= , where 1tcdeg −= , and 3vdeg = , }c{)W(Vv t − .  

Since, 2Wdiam t = , 2
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and by using Corollary 2.5 , we get. 
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4.2. Hosoya Polynomials of Special Edge Introducing Graphs 

To illustrate the usefulness of Corollary 3.5,we take G to be a special graph ,such 

as complete graph, even cycle, star or wheel. 

Examples 4.2.1:  

1. If mC2 , 2m  is an even cycle then , by Corollary 3.5,we get 
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For special cases , we take t=4 and t=6 then , 
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4 )1()1(4)1(6)23(2)15(4));(( xnxnxnxnxnnxCIH n −+−+−+−+−+=  
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and  
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where , 
65432 4810841)( xxxxxxxF ++++++= . 

2. If  tS , 4t   is a star of order t, then assuming that the vertex of introducing edge of 

each tS  is an end vertex and by using Corollary 3.5,we get 

    xxtxnxttxttnxSIH tn

222 ])2(1)[1(])2)(1(
2

1
)1([));(( −++−+−−+−+=  

                         
−

=

−

=

+−−+++
1

2

1

1

1)(322 ])2(1[
n

i

i

j

jixxtx  

                         32 )32)(1()]1(2)2)(1(
2

[)1( xtnxntt
n

xntnt −−+−+−−+−+=  

                        
−

=

−

=

+−−+++−−+−−+
1

2

1

1

1)(322524 ))2(1()2)(1()2)(1(2
n

i

i

j

jixxtxxtnxtn . 

3. If tW , 4t  , is a wheel of order t then , assuming that the vertex of introducing edge 

of each tW  is a vertex of degree 3 and by using Corollary 3.5, we get  

    xxtxnxttxttnxWJH tn
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4.3. Wiener Index and Average Distance. 

The Wiener index of a connected graph G is denoted by W(G) and defined by 




=
)(,

),(
2

1
)(

GVvu

vudGW .                           ...(4.3.1) 

The name Wiener index for the quantity defined in (4.3.1) is usual in chemical 

literature, since Harold Wiener [8] in 1947 seems to be the first who considered it. 

Several mathematical authors obtained the Wiener index of many kinds of chain of 

cycle graphs [2,10] .The Wiener index of G can be obtained from the following formula 




= ==
1

1 ),();()(
k

x kGkdxGH
dx

d
GW ,                          ...(4.3.2) 

where )x;G(H  is the Hosoya polynomial of a connected graph G. 
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Consequently, the main distance or average distance of a connected graph G, 

denoted by ( )G and is defined by 

)1(/)(2)( −= ppGWG  , )(GVp = .                         …(4.3.3) 

Finally , we define the Wiener index of any vertex u in a connected graph G by  




= ==
1

1 ),,();,(),(
k

x kGukdxGuH
dx

d
GuW                        …(4.3.4) 

From (4.3.2) and (4.3.4) and Corollary 2.5 , we obtain the following corollary. 

Corollary 4.3.1: For 3n , we have. 
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                             2)1)1;,((
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),()1)1;,(()1()( −







+−−+= GuH
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GuWGuHnnGnW  .■ 

Now, from Corollary (4.3.1), we obtain the following corollary. 

 

 

Corollary 4.3.2: For 3n ,we have: 

1. 2,)23(
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n
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But, from (4.3.2) and (4.3.4) and Corollary 3.5, we obtain the following corollary. 

Corollary 4.3.3: For 3n  ,we have: 
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Now, from Corollary (4.3.3), we obtain the following corollary. 

Corollary 4.3.4: For 3n  ,we have: 
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1. 2,)1(
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))(( 22 +−−−+= tntnntnnnSIW tn . 

3. 4,2)25()12(
2

1
))(( 22 +−−−+= tntnntnnnWIW tn .  ■ 

Finally, from (4.3.3) and Corollaries 4.3.2 and 4.3.4, we have the following 

corollary. 

Corollary 4.3.5: For 3n  ,we have. 
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5.Conclusions 

In this paper, we generalized the operation of constructing vertex identified and 

edge introducing graphs obtained from two graphs to those obtained from a sequence of 

n pairwise vertex disjoint connected graphs nGGG ,....,, 21 . Using Gutman's Theorems n 

times in each case,  we obtained Hosoya polynomials of such generalized graphs. 

Moreover, we obtained Hosoya polynomials, Wiener indices and average distance 

for generalized vertex identified and edge introducing graphs when every 

,1, niGi  is isomorphic to a special graph which has important applications in 

Chemistry. 
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