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ABSTRACT 

A new graph distance based polynomial, called detour polynomial, is introduced. 

The detour polynomial and the detour index of the corona 1G ○ 2G  of two connected 

disjoint graphs 1G  and 2G are obtained in this paper. 
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 الملخص

فييي اييلا الاسيير استعرعيياا متعييدداد  ييدمد جديييدس معتمييدس فليي  مبييافة اولت ييان فييي ال يا يياد  م ييد   ييمن 
ل يييا ين متلييلين مما لييلين فيين  ○2G1Gالاسيير السلييوى فليي  متعييددس  ييدمد اولت ييان مدليييل اولت ييان  كليييل 

  2Gم 1Gبع هما
 .، اوكليلاولت ان، دليل اولت ان  دمدمتعددس مبافة اولت ان، ، المبافة الكلمات المفتاحية:

1. Introduction : 

The concept of Hosoya polynomial was first put forward in 1988 by Hosoya [14]. 

Several authors, such as [1]-[4], [12], and [14]-[17] had obtained Hosoya polynomials 

for special graphs, graphs having some kind of regularity and for compound graphs 

obtained by using some well-known binary operations in graph theory. 

In this paper, we consider finite connected graphs without loops or multiple edges. 

For undefined concepts and notations see [6] and [13]. 

The standard distance ),( vud between two vertices u and v  in a connected graph 

G  is the length of a shortest  vu − path in G . This is not the only way, however, that 

distance has been defined on the vertex set of a connected graph. The length of a longest  

vu −  path between two vertices u  and  v  in a connected graph is called the detour 

distance ),( vuD  between u  and v . As with standard distance, detour distance is a 

metric on the vertex set of any connected graph [7]. A  vu −  path of  length ),( vuD  is 

vu −  detour. It is clear that ( , ) 1D u v =  if and only if uv  is a bridge of G , and  

1)(),( −= GpvuD  if and only if G  contains a Hamiltonian vu −  path. Furthermore,  



 Ali Aziz Ali & Gashaw A. Muhammed-Saleh 
 

 

 56 

),(),( vuDvud =   for every two vertices u  and v  of G  if and only if G  is a tree. It is 

possible, however, that ),(),( vuDvud =  for some pairs  vu,  of distinct vertices in a 

graph that contains no bridges. The detour eccentricity ( )De v  of a vertex v  is the 

maximum detour distances from v  to all other vertices in G . The detour radius 

( )Drad G  of a connected graph G  is the minimum detour eccentricity among the 

vertices of  G , and the detour diameter ( )Ddiam G  is the maximum detour eccentricity 

among the vertices of G . Since ( , ) ( , )d x y D x y  for every two vertices x  and  y  in 

G , it follows that ( ) ( )De v e v for every vertex v .Therefore, ( ) ( )Drad G rad G  and 

( ) ( )Ddiam G diam G  for every connected graph G ( see [9], [10] and [18]). In fact 

)(2)()( GradGdiamGrad DDD  , see [9]. 

Let G  be a connected graph of order p  and size q . The detour polynomial of 

G , denoted by );( xGD , is defined by  




=
Vvu

vuDxxGD
,

),();( , vu  ; )(GVV = .  

It is clear that 


=
1

),();(
k

k

D xkGCxGD , in which ),( kGCD  is the number of 

unordered pairs u , v such that kvuD =),(  . 

Amić and Trinajstić [5] were first to consider the detour index ( )dd G  defined as 

the sum of the detour matrix elements above the main diagonal. The detour index is 

used in quantitative structure-activity relationship (QSAR) studies. Lukovits [15] tested 

the detour index on the correlation of the boiling points of alkanes of cycloalkanes. The 

detour index can also be obtained from the detour polynomial, because 

 
=

===
11,

),(
);(

),()(
k

D

xvu

kGkC
dx

xGDd
vuDGdd . 

Let ),;( kvGCD  be the number of vertices )( vu   such that kvuD =),( . Then, we 

define for each vertex v  of G : 





==

vu
Vu

uvD
ve

vmk

k

D xxkvGCxvGD
D

),(
)(

)(

),;(),;( , 

where  )(veD  is the detour eccentricity of vertex v , and )(vm  is the minimum detour 

distance from v . This polynomial is called the detour polynomial of vertex v . It is 

clear that 

 


=
Vv

xvGDxGD ),;(
2

1
);( . 

2. The Corona 1G ○ 2G : 

The corona of two  disjoint graphs 1G  and 2G of orders 1p  and 2p , respectively , 

is the graph 1GG = ○ 2G  defined by taking one copy of 1G  and 1p  copies of 2G , and 

then joining the i th vertex of 1G  to every vertex in the i th copy of 2G , as illustrated in 

Fig.2.1, where the copies of 2G are denoted by 1G , 2G , …, 
1pG , 

}...,,,{)(
12111 pvvvGVV == ,   

}...,,,{)( )()(

2

)(

1

)(

2

i

p

ii

i

i uuuGVU == , for 1,...,2,1 pi =  , 
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}...,,,{)(
22122 puuuGVV == ,  

and 

)(

1

1
i

p

i

UU
=

=   . 

 

Fig.2.1 The corona 1G ○ 2G  

It follows, from the definition of the corona 1G ○ 2G , that 

1(Gp ○ )1() 212 ppG += , 1(Gq ○ 212112 ) ppqpqG ++= and diam( 1G ○ 2G )=diam( 1G )+2. 

Note that  1G ○ 2G 2G ○ 1G  unless 21 GG  . 

Thus, the corona is a binary graph operation, it was defined for the first time by Frucht 

and Harary [11] in 1970, and used in studying the automorphism group of graphs. 

Recently, in 2007, the Hosoya polynomial of  the corona of two graphs , with respect to 

Steiner distance, was obtained [1]. So , we think that it is an interesting to obtain the 

Hosoya polynomial of the corona with respect to detour distance. 

We begin discussing the detour distance and detour diameter of 1G ○ 2G . Let  

)()( we i

D  be the detour eccentricity of vertex w in the graph iG  , i=1,2 . Define the graph 

+

2G  as 12 KG +  . 

Proposition 2.1: Let 1w  and 2w  be any two distinct vertices of 1GG = ○ 2G . Then,  the 

detour distance ),( 21 wwDG  equals: 

1) ),( 211
wwDG , if 1w , )( 12 GVw  ; 

2) 
2

1 2( , )
G

D w w+ , if 1w , )(2 iGVw   for 11 pi  ; 

3) )(1 2

)2( weD+ , if ivw =1  and )(2 iGVw   for some i, 11 pi  ; 

4) 1)(),( 2

)2(

1
++ wevvD DjiG , if ivw =1  and )(2 jGVw  , where ji   and 

1,1 pji  ; 

5) 2)()(),( 2

)2(

1

)2(

1
+++ wewevvD DDjiG , if  )(1 iGVw  , )(2 jGVw  , where ji   

and 1,1 pji  . 

Proof: 1) Obvious . 

2) Any detour between two vertices of iG  , 11 pi  must contain vertex iv  and does 

not contain another vertex of 1G . Therefore 
2

1 2 1 2( , ) ( , )G G
D w w D w w+= . 
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3) If 2w  is the detour eccentric vertex of 2w  in iG , that is )(),( 2

)2(

222
wewwD DG = , then 

a detour from iv to 2w  consists of the edge 2wvi
  followed by the detour in iG  between 

2w  to 2w . Therefore )(1),( 2

)2(

21 wewwD DG += . 

4) In this case a detour between 1w  and 2w  in G  consists of a detour between iv  and 

jv  in 1G  followed by the edge 2wvi
  then the detour between 2w and 2w  in jG , here 2w  

is the detour eccentric vertex of  2w  in jG . Thus  

 )(1),(),( 2
)2(

21 1
wevvDwwD DjiGG ++= . 

5) A detour between a vertex 1w  of iG  and a vertex 2w  of jG , ji  , is constructed 

from a detour from 1w  to 1w ( the detour eccentric vertex of 1w ), followed by the edge 

jvw2
 , then a detour from iv  to jv  in 1G , then followed by the edge 2wv j

  and finally 

followed by a detour 22 ww −  in jG . The length of this detour is 

2)()(),( 2

)2(

1

)2(

1
+++ wewevvD DDjiG . Hence , the proof is complete.   ■ 

Proposition 2.2: For a connected nontrivial graph 1G  and any connected graph 2G , 

(Ddiam 1G ○ 2)(2)() 212 ++= GdiamGdiamG DD . 

Proof: Let iv , jv  be two vertices of 1G  such that 
1 1( , ) ( )G i j DD v v diam G= ; and let lu , 

ku  be two vertices of 2G  such that 
2 2( , ) ( )G l k DD u u diam G= . 

One may easily check from Fig.2.1  and Proposition 2.1(5) , that 

),(1),(1),(),( )()()()()()(

1

j

k

j

lGjiG

i

k

i

lG

j

k

i

lG uuDvvDuuDuuD
ji  ++++=  

       = D 1 D 2diam ( ) 2 ( ) 2G diam G+ + . 

Now, let 1w , 2w  be any two vertices of 1G ○ 2G , then: 

1- If 1w , )( 12 GVw  , then 1 2 1( , ) ( )G DD w w diam G ; 

2- If 1w , )(2 rGVw   for some  r , 11 pr  , then, let Q be a 21 ww −  detour. If 

)(QVvr   , then )(),( 221 GdiamwwD DG  .  

If )(QVvr   , then rvQ −  consists of two paths in '

rG  each of length not more than 

)( 2GdiamD . Thus 2)(2),( 221 + GdiamwwD DG  ; 

3- If )(1 tGVw   and )(2 sGVw  , st  ,  then  

1 2 1 2( , ) ( ) 2 ( ) 2G D DD w w diam G diam G + + ; 

4- If )( 11 GVw   and )(2 mGVw  ,  then  

1 2 1 2( , ) ( ) 1 ( )G D DD w w diam G diam G + + . 

Therefore, for all cases of 1w  and 2w , we have 

 1 2 1 2( , ) ( ) 2 ( ) 2G D DD w w diam G diam G + + . 

Hence , the proof is complete.   ■  
 

 The minimum detour of a connected graph G is denoted by )(min GD  , and 

defined as 

)}(,,:),(min{)(min GVvuvuvuDGD = . 
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 Let 1H  and 2H  be disjoint connected graphs, and let 1u  and 2u  be vertices of 

1H  and 2H , respectively. Then , the vertex identified graph 21 HH •  is obtained from 

1H  and 2H  by identifying the vertices 1u  and 2u . We notice, that   

)}(,)(min{)( 2min1min21min HDHDHHD =• . 

Applying this fact , we can easily prove the following proposition, which 

determines  1min (GD ○ )2G  . 

Proposition 2.3 : For disjoint connected nontrivial graphs 1G  and 2G , we have  

1min (GD ○ )}(,)(min{) 2min1min2

+= GDGDG  . 

3. The Detour Polynomial of 1G ○ 2G : 

To determine the detour polynomial of the corona 1G ○ 2G , we introduce the 

detour eccentric polynomial of a connected graph G , defined as follows: 

 


=
)(

)(
);(

GVv

ve

ecc
DxxGD . 

For example: 

 1);( −= p

pecc pxxCD  

 














+

=




−

=

−

−

=

−

.oddfor,2

evenfor,2

);(

2

1

1

2

1

2

1

pxx

px

xPD
p

i

ip

p

p

i

ip

pecc  

We shall obtain the detour polynomial of the corona 1G ○ 2G  in terms of );( xGD i  

and );( xGD iecc , 2,1=i .  

We set the following definitions:  

 
=

=
1

1

1 );,();,(
p

i

i xvGDxVGD , 


=

=
2

1

)()( );,();,(
p

j

i

j

i xuGDxUGD , 

 
=

=
1

1

)( );,();,(
p

i

i xUGDxUGD . 

Then 

   );,();,(
2

1
);( 1 xUGDxVGDxGD += . 

 

Proposition 3.1: 

);();(2);();(2);,( 122111 xGDxGxDxGDxpxGDxVGD eccecc ++= .  

Proof: From Proposition 2.1, for each )( 1GVvi  , we have 



=

=
1

1

),(
);,(

p

ij
j

vvD

i
jixxvGD + 

 )(

),(

i

i

Uw

wvD
x + 




1

)(

),(
p

ij
Uw

wvD

j

ix . 

Summing over all i=1, 2, …, p1, we get 
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++



+




++=
1

)(

21

2

2

1

1

1

)(),(1)(1

1

,

),(

1 );,(
p

i
ji
Uw

uevvD

Vw

we

ji
Vji

vvD

j

GjiGGjiG xxpxxVGD  

            =2 1 1 2 2 1( ; ) ( ; ) ( ; ).2 ( ; )ecc eccD G x p xD G x xD G x D G x+ + .   ■  

Proposition 3.2:  

1 2 1 2 2 1( , ; ) 2 ( ; ) ( ; ) ( ; ).2 ( ; )ecc eccD G U x p D G x p xD G x xD G x D G x+= − +  

           );(2.);( 1

2

2

2 xGDxGDx ecc+ . 

Proof: From Proposition 2.1, for each 2

)( ...,,2,1, piu j

i =  and 1...,,2,1 pj = , we have 

( ) ( )

2( , ; ) ( ; ; )j j

i iD G u x D G u x+= + +

=

++
1

1

1

)(1),(
p

jk
k

ueccvvD iDkjGx
1 2

1

,
2 ( ) ( ) ( , )

1, 1

D i D k G j n

n p p k
ecc u ecc u D v v

n k
n j

x
= =

+ + +

= =


 . 

Summing over both 1...,,2,1 pj =  and 2...,,2,1 pi = , we get , using the above 

notations and definitions: 

);(2).;()];();(2[);,( 12221 xGDxGxDxGxDxGDpxUGD eccecc +−= +  

     );(2).;().;( 122

2 xGDxGDxGDx eccecc+ . 

Hence, the proof is complete.   ■ 

Theorem 3.3: For connected nontrivial graphs 1G  and 2G , the detour polynomial of the 

corona graph 1G ○ 2G  is 

1(GD ○ );();(.)];(1[); 211

2

22 xGDpxGDxGxDxG ecc

+++= . 

Proof: From Propositions 3.1 and 3.2, we obtain 

1(GD ○ );();(2);();(2[
2

1
); 122112 xGDxGxDxGxDpxGDxG eccecc ++=  

             1 2 1 2 2 12 ( ; ) ( ; ) 2 ( ; ). ( ; )ecc eccp D G x p xD G x xD G x D G x++ − +  

                           2 2

1 22 ( ; )[ ( ; )] ]eccx D G x D G x+  

   );();().;(2);( 21121 xGDpxGDxGxDxGD ecc

+++=  

  );(.)];([ 1

2

2

2 xGDxGDx ecc+  

                          2

2 1 1 2[1 ( ; )] . ( ; ) ( ; )eccxD G x D G x p D G x+= + + .   ■  
 

To obtain the detour index of the corona 1G ○ 2G , we give the definition of the 

eccentricity sum of a graph,  denoted by ( )eccS G : 

 


=
)(

)()(
GVv

Decc veccGS . 

Corollary 3.4: The detour index of 1G ○ 2G  is given as 

1(Gdd ○ )(.)]()[1)(1()(.)1() 21222111

2

22

++++−++= GddpGSppppGddpG ecc , 

Proof: Taking the derivative of 1(GD ○ );2 xG  given in Theorem 3.3, with respect to x, 

we get 

1(GD ○ );(.)];(1[); 1

2

22 xGDxGxDxG ecc
+= . 

                 );()].;();()].[;(1[2 1222 xGDxGDxxGDxGxD ecceccecc
+++  

                 );( 21 xGDp ++  
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Then , putting x = 1 , we get 

1(Gdd ○ =)2G 1(GD ○ )1;2G  

              )()1(
2

1
)].1;()[1(2)()1( 21112221

2

2

++−++++= GddpppGDppGddp ecc  

Then , simplifying the above expression and noticing that 

)()1;( 22 GSGD eccecc =  , 

we get the required formula of 1(Gdd ○ )2G .   ■ 

Example: Let 1 nG C=  the cycle of order n ,  and 2 mG K= , the complete graph of order 

m, then   
1

1 2 2

1
1 2 2 2

( ... ), for odd ,
( ; )

1
( ... ), for even ,

2

n

n n

n nn
n n

n x x x n
D C x

n x x x x n

+

− −

+
− −


+ + +

= 
 + + + +


 

1( ; ) m

ecc mD K x mx −= , 

and 

 2 1

1
( ; ) ( ; ) ( 1)

2

m

mD G x D K x m m x+

+= = + . 

Thus, using Theorem 3.3, we get 

nCD( ○ m

m xmnmxK )1(
2

1
); +=  
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+
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