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ABSTRACT 

Let I be a right ideal of a ring R , then R/I is right N-flat module if and only if for 

each Ia , there exists Ib  and a positive integer n such that 0na  and nn baa =  .In 

this paper, we first introduce and characterize rings whose every simple singular right 

R-module is N - flat. Next, we investigate the strong regularity of rings whose every  

simple singular right R - module is N-flat. It is proved that : 

R is strongly regular ring if and only if R is a wjc , MERT and  2 - primal ring 

whose simple singular right R- module is N - flat. 

Let R be  a wjc ring satisfying condition (*). If every simple singular right R-

module is  N-flat .Then, the Center of R is a regular ring. 
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 الملخص

أيمن إذا وفقط إذا لكل   N -يكون مقاساً مسطحاً من النمط  R/I، فإن  Rمثالي أيمن في الحلقة  Iليكن  
Ia يوجد ,Ib  وعدد صحيح موجبn  0بحيث إنna وnn baa . في هذا البحث, أولًا نقدم ونميز =

. ونقوم بالبحث عن الحلقات المنتظمة بقوة والتي  N -الحلقات التي فيها كل مقاس منفرد بسيط مسطحاً من النمط 
 . أما أبرز النتائج التي حصلنا عليها : N -فيها كل مقاس منفرد بسيط مسطحاً من النمط 

   2 -وحلقة أولية من النمط  wjc  ,MERTمن النمط  Rبقوة إذا وفقط إذا كانت  منتظمة تكون R  الحلقة 
 أيمن .   - N والتي فيها كل مقاس منفرد بسيط مسطحاً من النمط 

  N -تحقق الشرط )*(. إذا كان كل مقاس منفرد بسيط مسطحاً من النمط  wjcحلقة من النمط   Rلتكن 
 يكون منتظماً. Rأيمن. فإن مركز الحلقة 

حلقة   ،GQ-الغامرة من النمط ، WPSI، حلقة MC2-، حلقة من النمطN-مسطحة من النمطالكلمات المفتاحية: 
 .CAM-من النمط
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1. Introduction 

 Throughout this paper , R denotes an associative ring with identity, and all 

modules are unitary right R - module. For any nonempty subset X of a ring R, )(Xr  

and )(Xl denote the right annihilator of X and the left annihilator of X, respectively . If 

}{aX = , we use the abbreviation )(al  and )(ar . We write )(RJ , )(RZ  and )(RY  

for the Jacobson radical of R , the left singular ideal of R and the right singular ideal of 

R, respectively.  

 Recall that , Let I be a right ideal of a ring R, then R/I is a flat right R - module if 

and only if  for each Ia  , there exists Ib   such that baa =  ( cf. [ 7] ,[8],[3] ). The 

generalization of flat module to N-flat module is performed as follows : Let I be a right 

ideal of  a ring R, then R/I is a right N-flat module if and only if for each Ia  , there 

exists Ib   and a positive integer n  such that 0na  and  nn baa =  [1] . And , in [1] , 

we give a lot of characterizations of right N - flat . For example , )0()()( = RYRJ , if 

R satisfying condition (*) whose every simple singular right R-module is  N-flat . 

    The ring R is said to be 2 - primal  if  N(R) = P(R) , where N(R) is the set of all 

nilpotent element and P(R) is the prime radical of R [4] .  The ring R is called right wjc 

ring , if 0=aRb  for Rba , , implies 0=bRa  [12] . The ring R is said to be reduced if 

R has no nonzero nilpotent element. The ring R is called right  SXM [12] , if  for each  

Ra0 , )()( narar =  for all a positive integer n  satisfying 0na . For example, 

reduced rings are right SXM rings. The concept of regular rings was introduced in 

(1936) by Von Neumann [9]  . The ring R is called MERT , if every essential maximal 

right ideal of R is an ideal . The ring R is called regular  (strongly regular) ring , if for 

every Ra  , there exists Rb   such that  abaa =  ( baa 2=  ) .The ring R is called 

right weakly regular  ring , if for every Ra  , aRaRa   [7] . 

2. Characterizations of Simple Singular R - Module is N - Flat 

This section is devoted to study rings whose every simple singular right R-module 

is  N-flat with some of their basic properties . On  the other hand ,we characterized MC2 

rings terms of simple singular right R - modules is N - flat . 

Definition 2.1   [10]     

The ring R  is called right  MC2  ring . If 0=eRa  implies 0=eaR , where Ra  

,  Ree =2  and eRK  is minimal right ideal of R , or equivalently if  eR  are 

minimal , Ree =2  ; then gRK =  for some Rgg =2  . 

We consider the condition (*) ; R satisfies )()( aral   for every Ra  .  

Theorem 2.2 

Let R be a right MC2 ring satisfying condition (*). If every simple singular right R 

- module is N - flat , then )0()( =RZ  . 

Proof : Suppose that )0()( RZ , then there exists )(0 RZa such that 02 =a .We 

claim that RarRZ =+ )()( . Otherwise , there exists a maximal right ideal M such that 

MarRZ + )()( . If M is not essential , then )(erM = , Ree =2 . Hence 0=ea  

because )()( erMara =  . If 0eRa  , then eReRaR =  because eR  is a minimal 

right ideal of R. Since )(RZa , )(RZeRaR   , then )(RZe , which is a 

contradiction. Hence , 0=eaR .Since R right MC2 ring , then 0=eaR , 
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)()( erMare  , which is a contradiction . Hence , M is essential in  R . Thus , 

R/M is N - flat , then there exists a positive integer n and Mb   such that 0na  and 
nn baa = . Since  02 =a , then 1=n  and therefore Marb − )()1( and M1 , which 

is a contradiction . Hence , RarRZ =+ )()( .  Write yx +=1   , where )(RZx   and 

)(ary  , then axa = . Since  )(RZx   and 0)1()( =− xlxl , 0)1( =− xl . Thus , 

0=a  because )1( xla − , which is a contradiction. This implies that )0()( =RZ  .▄ 

Theorem  2.3    

Let R be a ring whose every simple singular right R-module is N - flat, satisfying 

condition (*) .Then , )0()()( = RYRZ . 

Proof : Suppose that )0()()(  RYRZ , then there exists )()(0 RYRZa  such 

that 02 =a . We claim that RarRZ =+ )()(  . Otherwise, there exists a maximal essential 

right ideal M such that  MarRZ + )()( . Thus , R/M is N - flat ,then there exists 

Mb  and a positive integer n such that 0na  and nn baa =  . Since 02 =a , then 

1=n  , and therefore baa =  , which implies that Maralb − )()()1( , M1 ,  

which is a contradiction . Hence , RarRZ =+ )()( . Write yx +=1  ,, )(RZx   

.Thus ,  0)1( =− xl , 0)1()( =− xlxl and  )(RZx  . Since  axa = , then )(ary 

 This implies that contradiction. a, which is )1( xla − because  0=a

▄ . )0()()( = RYRZ  

Lemma  2.4   [1] 

If R is a ring  satisfying condition (*) whose every simple singular right R- module 

is N - flat , then  )0()()( = RYRJ .▄ 

According to [11] ,a right R - module M is said to be right weakly principally small 

injective (WPSI) if for any )(0 RJa  , there exists a positive integer n such that 

0na  and any right R - homomorphism  from MRan →  can be extended to 

MR →  . A ring R is called right WPSI if  RR   is  a right WPSI. 

Definition  2.5   [6]  

The ring R is said to be right(left) mininjective if every  R - homomorphism from a 

minimal right(left) ideal of R to RR  can be extended from R to RR    . 

Lemma 2.6   [11] 

If  R is a left (right) WPSI ring , then : 

1. )()( RZRJ   ( )()( RYRJ  ) . 

2. R is a left (right) mininjective ring  .▄ 

Corollary  2.7 

Let R be a right MC2 ring , left WPSI satisfying condition (*). If every simple 

singular R - module is N - flat , then )0()( =RJ  . 

Proof : From Lemma 2.6 , we have )()( RZRJ   . So )0()( =RJ  because )0()( =RZ  

, by Theorem  2.2 .▄ 

Proposition 2.8 

Let R be a right WPSI ring ,  whose every  simple singular right R- module  is N - 

flat and satisfying condition (*) .Then , )0()( =RZ . 
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Proof : By Lemma 2.4 , )0()()( = RYRJ  . Since R is a right WPSI ring  then , 

)()( RYRJ   Lemma 2.6 , so )0()()()( == RYRJRJ  and R is a right mininjective 

ring Lemma 2.6.Therefore,R is a right MC2 ring [ 5,Theorem 1.14 ]. Hence , 

by Theorem 2.2  . )0()( =RZ  

3. Certain Rings Whose every Simple Singular R - Module is  N - Flat 

In this section , we study the relation between rings whose every simple singular 

right R - modules are N - flat , reduced rings and strongly rings by adding some types of 

rings such as wjc and MC2 rings , and other types of rings . 

Theorem 3.1 

Let R be a wjc ring satisfying condition (*) .If every simple singular right  R- module is 

N - flat . Then , R is a semiprime . 

Proof : Suppose that I is an ideal of R with 02 =I  . If 0I  , then there exists 

Ia0  such that 0=aI  and so 02 =a  . First observe r(a) which is an essential right 

ideal of R. if not , then there exists a nonzero right ideal K of R such that 

0)( = Kar .Since 0= aIaKI , 0)( = KarKI .Since R is a wjc ring , 0=IK  

. Hence , 0=aK  and so 0)( = KarK , which is a contradiction .Hence,  r(a) is 

essential and Rar )(  , Thus , there exists a  maximal essential right ideal M of R 

containing r(a). Hence ,  R/M is simple singular R - module and so is N - flat . Since 

R/M is N- flat , then there exists Md  and a positive integer n such that 0na  and  
nn daa = , since 02 =a  , then 1=n  , so that daa =  and we get 

Marald − )()()1(  , where M1 , which is also a contradiction . Hence , 0=I  

and so R is a semiprime .▄ 

Definition 3.2   [13] 

The ring R is called strongly right min-abel if every right minimal idempotent 

element  Re  , is a left  semicentral element  .  

We now consider other condition for right simple singular  R-module N-flat to be 

semiprime.  

Theorem  3.3  

Let R be a strongly right min - abel ring satisfying condition(*). If every simple 

singular right R - module is N - flat , then R is a semiprime ring. 

Proof : Let Ra   satisfyies 0=aRa . Suppose that 0a . Then , there exists a 

maximal right ideal M is of R containing r(a). If M is not essential in R .Then , M is a 

direct summand of R , since M is maximal . So we can write )(erM =  for some 

Ree = 20 , Rb  and hence 0=eb . Because eR  is a minimal right ideal of R and 

R is a strongly right min-abel ring, 0== ebebe .Thus , )()( erMbre = , whence  

0=e . This is a contradiction. Therefore , M must be an essential right ideal of R .Thus  

, R/M is N-flat and so there exists  Md  such that daa =  implies that 

Marald − )()()1(  whence M1  .This is also a contradiction . Hence ,  R is a 

semiprime ring .▄ 
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Theorem  3.4 

Let R be a strongly right min - able with )()( aral n   for every Ra   and 

appositive integer n  . If every simple singular right R - module is N - flat . Then ,  R is a 

right weakly regular ring . 

Proof : We show that RarRaR =+ )(  for any Ra  . Suppose that there exists Rb  

such that RbrRbR + )(  . Then ,  there exists a maximal right ideal M of R 

containing )(brRbR +  . If M is not essential in R . Then ,  M is a direct summand of R 

because M is maximal . 

By a similar method of proof used in Theorem 3.3 , M is an essential right ideal of 

R .  Thus ,  R/M is N - flat and so there exists a positive integer n such that 0nb  and 
nn cbb =  for some Mc  , implies that Mbrblc n − )()()1(  , whence  M1  , a 

contradiction . Therefore ,  R is a right weakly regular . ▄ 

According to [1], rings satisfying condition (*), and right GQ -injective whose every 

simple singular right R- module is  N-flat  are always regular .But ,in general rings 

satisfying condition (*) and left GQ - injective whose every simple singular right R- 

module is N-flat need not be regular .This leads to the following theorem: 

Theorem 3.5 

Let R be a left GQ - injective , right MC2 ring whose every simple singular right R 

- module is N - flat and satisfying condition (*).Then ,  R is a  regular ring . 

Proof : First R is left GQ - injective , then )()( RJRZ =   and )(/ RJR  is a  regular ring 

. From Theorem 2.2 , )0()( =RZ . Hence ,  )0()()( == RZRJ  , which implies R is  a 

regular ring  .▄ 

Definition  3.6   [2] 

R is called a right CAM-ring , if for any maximal essential right ideal M of R (if it 

exits ) and for any right subideal I of M which is either a complement right subideal of 

M or a right annihilator ideal in R , I is an ideal of M. 

Right CAM-ring generalizes semisimple artinian . [2] shows that semiprime right CAM 

- ring R is either semisimple artinian or reduced . If R is also simple singular right R - 

module is N - flat , then R is  either semisimple artinian or strongly regular ring. We 

yield the following theorem : 

Theorem  3.7 

Let R be a wjc right CAM-ring , satisfying condition (*) whose every simple 

singular right R - module is N - flat .Then  , R is either a semisimple artinian or strongly 

regular ring. 

Proof : From Theorem 3.1  R is semiprime .If R is not a semisimple artinian , then R is 

reduced .Let  Ra0  . If RaraR  )(  , then MaraR  )( for some maximal 

right ideal M of R . If M is not an essential right ideal of R , then eRM = , where 

Ree =2  . Because R is reduced , 0== eaae  and )()( erMare = , a 

contradiction . Hence , M is an essential right ideal of R and so R/M is a singular simple 

right R - module . Since R/M is N - flat , then there exists Mb  and a positive integer 

n such that 0na  and nn baa = . Now  , we obtain )()1( arb − , so M1  , a 

contradiction . Hence  , RaraR = )(  and then R is a strongly regular  ring .▄  

An idempotent Re  is called right semicentral if eaeea =  for all Ra   [13]. 
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Lemma  3.8   [12]    

Let R be a MERT ring and every right minimal idempotent in )(/ RJR  is right 

semicentral .Then ,  )(/ RJR  is reduced .▄ 

Proposition  3.9 

Let R be a MERT ring  and every right minimal idempotent of )(/ RJR   is right 

semicentral . If every simple singular right R - module is N - flat. Then ,  )(/ RJR  is a 

strongly regular ring. 

Proof : By Lemma  3.8 , )(/ RJR   is reduced . Let )(/0 RJRRa =  . We first that 

RarRaR =+ )( . Suppose that it is not ; then there exists a maximal right ideal M of 

R such that  )(/)( RJMarRaR + . Since  R' is reduced , )(arRaR +  is an 

essential right ideal of R' . Therefore  , R/M is simple singular right R- module and so 

R/M is N -flat . 

Now, it is easy to show that there exists a positive integer n  and Mc  such that 

0na  and nn caa = . Since M is an ideal of R , we have M1 ,  which is a 

contradiction . Hence ,  RarRaR =+ )(  . Let daa = , where RaRd   . Then , 

)()1( ard −  . If  RarRa + )(  , then there exists a maximal right ideal L of R 

such that  )(/)( RJLarRa +  . Since )(/ RJR  is reduced , we have )(/ RJL is an 

ideal of )(/ RJR  . Hence  , L is also an ideal of R, and so )(/ RJLRaRd  , and 

hence )(/1 RJL , which is also a contradiction . Thus , RarRa =+ )( , and so 

)(/ RJR  is strongly regular ring.▄   

Lemma  3.10  [4]  

For any )(RCenta  ( The Center of R ) , if araa =  for some Rr ; Then there 

exists )(RCentb  such that abaa =  .▄ 

Lemma 3.11   [4]  

If R is a semiprime ring ;then )()( arar n =  for any )(RCenta   and a positive 

integer n .▄ 

Proposition  3.12  

Let R be  a wjc ring satisfying condition (*) .  If every simple singular right   R - 

module is N - flat . Then ,  the Center of R is a regular ring. 

Proof : Let a be a nonzero element in Cent(R) . First ,  we will show that    

RaraR =+ )(  for any )(RCenta . If not, there exists a maximal right ideal M of R 

such that MaraR + )( . Since )(RCenta , )(araR+  is an essential right ideal and so 

M must be an essential right ideal of R. Therefore ,  R/M is N - flat , so there exists 

Mc  and a positive integer n such that 0na  and  cacaa nnn ==  implies that 

Mararc n − )()()1(  (Theorem 3.1 and Lemma 3.11) and so M1  , which is a 

contradiction . Therefore ,  RaraR =+ )(  for any )(RCenta  and so we have araa =  

for some Rr  . Applying Lemma 3.10 , Cent(R) is a  regular ring .▄ 

Theorem  3.13 

R is strongly regular ring if and only if R is a wjc , MERT and 2 - primal ring 

whose every simple singular right R- module is N - flat. 
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Proof : First , we show that R is reduced . In fact , if 02 =a  for some  Ra0 . 

Then ,  we have RarRaR =+ )(  . If not , then there exists a maximal right ideal M of 

R containing )(arRaR + . Observe that M must be an essential right  ideal of R. If not , 

then M is a direct summand of R . So we can write )(erM =  for some idempotent e of 

R. Thus 0=eRa . Since R is a wjc ring , 0=eaR  and 0=ae  . Hence , )()( erare   ; 

whence 0=e , it is a contradiction . Therefore ,  M must be an essential right ideal of R. 

Then ,  R/M is N - flat ,there exists a positive integer n and Mb  such that 0na  and   
nn baa =  . Since 02 =a  , then 1=n  and therefore        baa =  which implies 

Mb − )1(  and so M1  by M is an ideal of R . This is a contradiction . Hence 

RarRaR =+ )(  and so ada =  for some RaRd  . Since R is 2 - primal ring , 

)(RJd . Hence , )1( d−  is right inveritable v in R such that 1)1( =− dv  , 

adaav =− )(   which yield 0=a  .  

Next, we show that RaraR =+ )(  for each Ra  . If not , then there exists 

Rb  and a maximal right ideal L of R containing )(brbR + . Observe that L must be 

essential , so there exists a positive integer n and Md  such that 0na  and    
nn daa =  . Now , Lararald nn ==− )()()()1(  . so L1 , which is a 

contradiction , therefore RaraR =+ )( . Hence ,  R is strongly regular ring  . 

Conversely  : it  is obvious.   ▄ 
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